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Abstract 



In addition to simple scale invariance, a universe dominated by dark energy naturally gives rise to 
correlation functions possessing full conformal invariance. This is due to the mathematical isomorphism 
between the conformal group of certain three dimensional slices of de Sitter space and the de Sitter 
isometry group SO{4, 1). In the standard homogeneous, isotropic cosmological model in which primor- 
dial density perturbations are generated during a long vacuum energy dominated de Sitter phase, the 
embedding of flat spatial sections in de Sitter space induces a conformal invariant perturbation spec- 
trum and definite prediction for the shape of the non-Gaussian CMB bispectrum. In the case in which 
the density fluctuations are generated instead on the de Sitter horizon, conformal invariance of the 
horizon embedding implies a different but also quite definite prediction for the angular correlations of 
CMB non-Gaussianity on the sky. Each of these forms for the bispectrum is intrinsic to the symmetries 
of de Sitter space, and in that sense, independent of specific model assumptions. Each is different from 
the predictions of single field slow roll inflation models, which rely on the breaking of de Sitter invari- 
ance. We propose a quantum origin for the CMB fluctuations in the scalar gravitational sector from the 
conformal anomaly that could give rise to these non-Caussianities without a slow roll inflaton field, and 
argue that conformal invariance also leads to the expectation for the relation rig — 1 = rij. between the 
spectral indices of the scalar and tensor power spectrum. Confirmation of this prediction or detection of 
non-Gaussian correlations in the CMB of one of the bispectral shape functions predicted by conformal 
invariance can be used both to establish the physical origins of primordial density fluctuations, and 
distinguish between different dynamical models of cosmological vacuum dark energy. 



2 



CONTENTS 



I. Introduction H] 

II. Conformal Invariance of Flat Spatial Sections in de Sitter Space [10] 

III. Conformal Invariance and the Non-Gaussian Bispectrum [2T] 

IV. Gravitational Potentials and Their Scaling in de Sitter Space [28] 
V. The Static Frame and Conformal Invariance on the de Sitter Horizon [33] 

VI. CMB Power Spectrum and Bispectrum on the de Sitter Horizon [36] 

VII. CMB Anisotropics from Cosmological Horizon Modes [U 

VIII. Gravitational Waves from Conformal Invariance [17] 

IX. CMB Non-Gaussianities as a Probe of Dark Energy Cosmology [52] 

Acknowledgments [56] 

References [56] 

A. Geometry, Coordinates and dS/CFT Correspondence of de Sitter Space [HS] 

B. Killing Vectors of de Sitter Space in Flat FLRW Coordinates [M] 

C. Killing Vectors of de Sitter Space in Static Coordinates [65] 

D. Invariant Distance and Correlation Functions [67] 

E. De Sitter Space and the 50(3, 1) Conformal Group of the Sphere [68] 

F. Exact Formulae for the Bispectral Shape Function (3.12) [7D] 

G. Differential Operators in de Sitter Space [72] 

3 



I. INTRODUCTION 



The Cosmic Microwave Background (CMB) provides an essentially unique window on the universe at 
very great distances from our local neighborhood, or equivalently at very early times before the present 
epoch. The fact that the CMB exists at all, with a high degree of isotropy and a thermal spectrum, 
is evidence that the primordial universe was to high accuracy at some point in a nearly uniform state 
of thermal equilibrium, and therefore in causal contact at a time and place prior to the last scattering 
of the CMB photons. The small but measurable anisotropy in the CMB presents the most compelling 
clues to the possible quantum origin of the universe, as well as the source of the complex large scale 
structure of matter we observe today. Determining the statistical properties of CMB anisotropies, 
and in particular, non-Gaussian primordial correlations, offers the possibility of discriminating between 
different cosmological models of the very early and very distant universe yUi2j- 

In parallel to the CMB measurements by COBE [3j, WMAP g] and the Planck satellite [5], the 
discovery of cosmological dark energy at the present epoch [6] emphasizes the need for a more funda- 
mental understanding of vacuum energy and the cosmological 'constant.' A comprehensive theory of 
dark energy may have consequences also for the origin of the CMB anisotropy. In this paper we explore 
the possible relation between cosmological dark energy and CMB properties. In order to investigate 
this connection in a way which is as free as possible from dynamical assumptions, we follow an essen- 
tially kinematical approach, deriving the form of the non-Gaussian correlations of CMB anisotropies 
directly from the inherent symmetry group 50(4, 1) of a dark energy dominated de Sitter universe. In 
particular, we show that embedding the three dimensional surface on which the fluctuations giving rise 
to the CMB anisotropies originate in four dimensional de Sitter spacetime leads naturally to conformal 
invariance and determines the angular shape of the three-point CMB bispectrum, which is different for 
different embeddings, but otherwise independent of particular dynamical assumptions. 

The standard cosmological model is based on the assumption of a globally spatially homogeneous 
and isotropic universe with uniform expansion. This is described by a Friedmann-Lemaitre-Robertson- 
Walker (FLRW) line element with flat spatial sections. 



in cosmological comoving time r. The total energy density of the universe p{t) and pressure p{t) of the 
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dr"^ + dx ■ dx 



(1.1) 



in which the FLRW scale factor a(r) obeys the Einstein-Priedmann eq. 





cosmological fluid are also assumed spatially homogeneous and isotropic on average at large scales and 
satisfy the covariant conservation eq. for a perfect fluid, 

^+3H{p + p) = 0, (1.3) 

which assumes no entropy production or viscosity. In the FLRW cosmological model all that is left then 
to specify is the eq. of state relationship between pi and pi (with p = YliPi^ P — Si Pi) various 
components of the cosmological fluid at different epochs of the universe's expansion. CMB anisotropies 
are treated as small (~ 10~^) linear perturbations away from this exactly homogeneous and isotropic 
background, whose effect on the mean geometry is negligible and may be neglected at early times. 

If at some epoch the energy density and pressure are dominated by a cosmological constant term 
A > 0, for which 

PA = ^ = -PA > (1.4) 



is a constant, then it follows from (1.2) and (1.3) that the expansion rate H = \/ A/3 is a also constant, 
and the scale factor, 



a(r) = e^^ (1.5) 



describes an exponentially expanding phase. The line element (1.1) with (1.5) then is a particular 
coordinatization of de Sitter spacetime, the maximally symmetric solution of Einstein's equations with 
a positive cosmological term. 

This exponential inflationary de Sitter expansion takes regions that were in close causal contact 
initially and expands them to very great distances apart, potentially accounting for the thermal spec- 
trum and high degree of isotropy observed in the CMB emitted from different directions in the sky. 
Primordial quantum fluctuations in this de Sitter inflationary epoch are held to be responsible for the 
observed small anisotropy in the CMB, and naturally gives rise to the approximately scale invariant 
CMB power spectrum consistent with the COBE and WMAP data [3ll3]. This agreement is one of the 
principal arguments in favor of inflationary models, broadly defined as the hypothesis that the universe 
passed through a de Sitter phase early in its history, during which an effective and nearly constant cos- 
mological constant energy density dominated all other forms of energy, and the cosmological expansion 



was exponential according to (1.5) for at least several dozen e- foldings [7]. 

Although this simple picture is quite appealing on general grounds, a fundamental theory for this 
exponential expansion, the physical origin of the effective cosmological constant term A associated with 



the energy density of the 'vacuum' itself, its value today, and vacuum energy generally is lacking. In its 
place a number of different phenomenological models of inflation have been suggested [7] . The simplest of 
these models postulates a single scalar field (j) (called the "inflaton" ) which has a non- negative potential 
energy function V{(p). If (/>(t) and V{(f>{T)) are nearly constant for a long enough period of time, V acts 



as a nearly constant p = V/SttG = —p source in (1.2) which drives the exponential expansion (1.5) for 



many e-foldings. Eventually the inflaton field is supposed to roll down its potential, preserving spatial 
homogeneity and isotropy in the large, and settle to a value 0o with V{(l)o) = (or nearly zero) at the 
minimum of the potential. Although the mean value of the inflaton field is assumed to be spatially 
homogeneous and isotropic, small spatially inhomogeneous fluctuations in this fleld couple (linearly) to 
gravity. During the inflationary epoch these generate fluctuations in the metric geometry of space and 
the local gravitational potential that eventually induce corresponding spatiotemporal fluctuations in the 
local temperature of the cosmological fluid, in particular at the epoch of matter-radiation decoupling. 
In this picture these primordial fluctuations of quantum origin are imprinted on the radiation at the 
time of last scattering and lead to the small angular anisotropics observed in the CMB today [71 [8] . 

In this class of single fleld "slow roll" inflaton models the primordial CMB fluctuations have a 
(nearly) scale invariant Harrison- Zel'dovich spectrum [9j and obey (nearly) Gaussian statistics, with 
small corrections coming from the slow roll dynamics itself, which are probably too small to be observed 
even by Planck [10]. It follows that any detection of non-Gaussian three-point correlations on the 
microwave sky of primordial origin will immediately falsify the simplest single fleld slow roll inflation 
model, and provide an important observational constraint on the physical origins of the primordial 
fluctuations themselves. 

Several years ago the present authors suggested that the approximate scale invariance of the CMB 
power spectrum might be a hint of a more general conformal invariance property of the primordial 
fluctuations, that doesn't rely on any slow roll inflaton fleld(s) or similar speciflc dynamical models of 
inflation [llj. Since scale and conformal invariance arises in other branches of physics, such as turbulent 
flows and critical phenomena, with universal behavior independent of the particular dynamical details 
or short distance interactions of the system, the approximate scale invariance of the primordial CMB 
power spectrum may be connected to rather different and universal physics than the slow roll hypothesis 
assumes in the simplest models of inflation. We suggested that the conformal invariance hypothesis could 
be tested by detection of non-Gaussian statistics in the CMB and in particular, the measurement of 
the angular correlations in the three-point bispectrum. The generic assumption of conformal invariance 
fixes the form of the bispectrum without any reference to specialized models of inflation, provided only 



that a conformally invariant phase of the universe's spacetime history existed during which the CMB 
fluctuations were generated. Although the overall magnitude of the CMB correlation functions cannot 
be determined by the conformal invariance hypothesis, and requires more speciflc dynamical information 
about the origin of the fluctuations, the shape of the non-Gaussian correlations is highly constrained by 
the essentially kinematic requirements of conformal symmetry alone, and hence can act as a powerful 
probe of a possible conformal phase of the universe. 

In this paper we will take this idea one step further, demonstrating that full conformal invariance 
and conformal field theory (CFT) behavior is in fact a natural consequence of the isometries of de Sitter 
spacetime, which is generated by a period of vacuum cosmological dark energy dominance. Specifically 
the de Sitter group 50(4, 1) is isomorphic to the group of conformal transformations of certain three 
dimensional foliations (slicings) of de Sitter space. Moreover, the several mathematical possibilities 
of different slicings imply different realizations of conformal symmetry and determine different shapes 
of the CMB bispectrum, which can be distinguished observationally. Since these different realizations 
correspond to quite different physical origins of CMB anisotropics, and are related to the dominance of 
a de Sitter phase in different cosmological models of vacuum energy, there is the intriguing possibility 
of elucidating the physics of cosmological dark energy by future measurement of the angular form of 
CMB non-Gaussian correlations. 

The first way that conformal invariance can arise is by a long period of vacuum energy dominance in 



the usual FLRW coordinates ( 1.1 ) with flat spatial sections. The limiting behavior of de Sitter invariant 



correlation functions in the asymptotic region Ht ^ 1, after many de Sitter e- foldings, stretches all 



distance scales by the exponential expansion factor (1.5) and only the terms which fall off most slowly 
with distance survive. In this limit the correlation functions of any anisotropic density fluctuations 
exhibit conformal behavior [12j . This is the mathematical basis for one form of dS / CFT correspondence 
|13H16j . by which we mean conformal behavior of fields and Green's functions in d dimensional (bulk) 
de Sitter space at its d — 1 dimensional boundary at spacelike infinity, c.f. Fig. [6| The late time limit 



of three dimensional spacelike sections of (1.1) embedded in four dimensional de Sitter spacetime leads 



to simple conformal behavior with a single conformal weight, and a speciflc form of the non-Gaussian 



bispectrum given by eqs. (3.10)-(3.13) below 



No particular dynamical mechanism of the origin of the fluctuations needs to be specifled, and in 



that sense this prediction (3.10) of the bispectral shape is model independent, following from purely 
kinematic embedding of the conformal group of in the de Sitter group. It is necessary only that the 
fluctuations arose at a constant FLRW cosmic time r late in the de Sitter expansion (so that any effects 



of non-de Sitter invariant initial conditions are suppressed), and that the fluctuations are intrinsic to 
de Sitter space, respecting all of its built-in symmetries. This is a quite different assumption than 
that made in current inflationary models based on slow roll out of de Sitter space, and as we discuss 



in detail in Sec. 3, eqs. (3.10)-(3.13) give a different form of the CMB angular bispectrum than that 
predicted in single fleld slow roll models. Thus any detection of the non-Gaussian CMB bispectrum 
and determination of its angular dependence (regardless of its overall amplitude) has the ability to 
distinguish between an intrinsic origin of the primordial fluctuations of the kind we discuss in this 
paper, and specific phenomenological dynamical models of their origin, such as that of the slow roll 
scenario or its variants. 

Freeing the origin of primordial fluctuations from a particular class of models based on a (so far unob- 
served) scalar inflaton fleld also allows for quite different global cosmologies than strictly homogeneous, 



isotropic form (1.1). A second and quite distinct way that conformal invariance is mathematically real- 
ized in de Sitter spacetime is through the presence of a cosmological horizon. In inflationary models the 
primordial fluctuations leave the de Sitter horizon of the inflationary epoch and re-enter the cosmologi- 
cal Hubble sphere much later in the history of the universe. However no direct local observation of the 
CMB can exclude the possibility that the fluctuations arose on or near the cosmological horizon itself, 
and that the global geometry of the universe outside our cosmological horizon is quite different than 



that described by the FLRW line element (1.1). The fact that cosmological dark energy is some 72% of 
the energy density of the present universe is a powerful reminder of the lack of a basic understanding 
of vacuum energy, much less a complete theory of its dynamical role in cosmology. It is quite possible 
that a more fundamental understanding of vacuum dark energy will require a radical revision of the 
basic assumptions of cosmology in toto, including global spatial homogeneity and isotropy, and that the 
CMB anisotropics may have arisen in a quite different way from a nearly de Sitter invariant conformal 
phase possibly related with the presence of cosmological dark energy at more recent epochs. 

In this paper we shall also describe an alternate embedding of the conformal group of directions in the 
sky (the celestial sphere S^), appropriate if the fluctuations are generated near the de Sitter cosmological 
horizon itself, rather than on flxed sections. In this case the bulk space is the three dimensional 



space of constant static time t in (5.1), and S is its two dimensional horizon boundary. This slicing 



leads to yet a third, non-Gaussian bispectral form (6.14), different than either that determined by a slow 
roll model or conformal invariance considerations based on (1.1) and M^. If the third form of the non- 
Gaussian bispectrum is observed in the CMB, it will lead to quite different cosmological consequences, 
possibly related to a more fundamental understanding of the spacetime dependent dynamics of vacuum 



energy associated with the cosmological horizon, and the residual cosmological dark energy observed 
in the present epoch. Thus the observation of a non-Gaussian bispectrum by WMAP or Planck of a 
definite angular form has the potential to distinguish between quite different global geometries of the 
universe and quite different loci and physical mechanisms for the origin of CMB anisotropics, both 
testing the homogeneity and isotropy hypothesis of the standard FLRW cosmology, and potentially 
leading to dynamical models for cosmological dark energy on the largest scales. 

The paper is organized as follows. In the next section we review the basic kinematics and isometrics 
of de Sitter space, and the isomorphism between generators of the de Sitter isometrics and the conformal 
transformations of M^, which is the mathematical basis for dS/CFT correspondence. In Section 



III 



we 



derive the conformal Ward identities that follow from this correspondence and use them to determine 
the form of the three-point non-Gaussian bispectrum for scalar fluctuations at a fixed FLRW time r. In 



Section IV we give the general solution for the gauge invariant gravitational potentials of the linearized 
Einstein eqs. around de Sitter space in terms of the stress energy tensor perturbations, necessary to 
connect the density perturbations to the observable CMB anisotropics. In Section |V] we consider the 
static time slicing of de Sitter space and the induced conformal invariance of correlation functions on the 
cosmological horizon. The conformal Ward identities of the spherical horizon lead to a completely 
different form again of the non-Gaussian bispectrum in angular coordinates on the sky. In Sec. VII| we 
discuss a possible origin for this non-Gaussian conformal correlation functions from the fluctuations 
of the cosmological horizon modes derived from the trace anomaly of any massless quantum matter 
fields in curved space, and show that they can give rise to the scale invariant Harrison- Zel'dovich 



power spectrum. In Sec. VIII we extend these considerations of conformal invariance to the spectrum 



of transverse, traceless spin-2 fields, i.e. gravitational waves, which will influence CMB polarization 



measurements. We conclude in Sec. IX with a summary of our main results and a discussion of the 
possibility of detection of CMB non-Gaussianities becoming a discriminating probe of the physics of 
dark energy and the large scale geometry of the universe. 

For the convenience of the reader we have collected in the seven Appendices a number of known and 
some less well known mathematical properties of de Sitter spacetime used in the text. These are (A) 
Geometry, Coordinates and dS/CFT Correspondence of de Sitter Space; (B) Killing Vectors of de Sitter 
Space in Flat FLRW and (C) Static Coordinates; (D) Invariant Distance and Correlation Functions; (E) 



The 50(3,1) Conformal Group on S^; (F) Exact Formulae for the Bispectral Shape Function (3.12); 
and (G) Differential Operators in de Sitter Space. Some of these results have been reported previously 
inRefs. [Ill [HI HZl HE] . 
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II. CONFORMAL INVARIANCE OF FLAT SPATIAL SECTIONS IN DE SITTER SPACE 



The essential kinematical feature of a vacuum dark energy dominated de Sitter universe is that 
the conformal group of certain embeddings of three dimensional hypersurfaces in de Sitter spacetime 
may be mapped (either one-to-one or multiple-to-one) to the geometric isometry group of the full four 
dimensional spacetime into which the hypersurfaces are embedded [19]. The first example of such an 



embedding is that of fiat Euclidean in de Sitter spacetime in coordinates (1.1). The conformal 
group of the three dimensional spatial sections is in fact identical (isomorphic) to the isometry group 
5*0(4, 1) of the four dimensional de Sitter spacetime, as we now review. 

Since (eternal) de Sitter space is maximally symmetric, it posseses the maximum number of isometrics 
for a spacetime in d = 4 dimensions, namely = IQ, corresponding to the 10 solutions of the Killing 

equation, 

V^K(") + V,ii:(") = , /x,i^ = 0,l,2,3; a = l,...,10. (2.1) 

Each of the 10 linearly independent solutions to this eq. (labelled by a) is a vector field in de Sitter 
space corresponding to an infinitesimal coordinate transformation, x^^ — )• x^^ + K^{x) that leaves the de 



Sitter geometry and line element (1.1) with invariant. These are the 10 generators of the de Sitter 
isometry group, the non-compact Lie group 5*0(4, 1). The geometry and frequently used coordinates of 
de Sitter space are reviewed in Appendix \K\ 



The isomorphism with conformal transformations of M is that each of these 10 solutions of (2.1) 
may be placed in one-to-one correspondence with the 10 solutions of the conformal Killing eq. of three 
dimensional flat space M^, i.e. 

54") + 9,#^ = ^<5.,a4"\ i,j,A; = 1,2,3; a = l,...10 (2.2) 



In (2.1) the spacetime indices /u, v range over 4 values and Vj, is the covariant derivative with respect 



to the full 4 dimensional metric of de Sitter spacetime, whereas in (2.2), i,j are 3 dimensional spatial 
indices of the three Cartesian coordinates of Euclidean of one dimension lower with fiat metric 



5ij. Solutions to the conformal Killing eq. (2.2) are transformations of — )• -|- ^^{x) which preserve 
angles in . This isomorphism between geometric isometrics of 3 + 1 dimensional de Sitter spacetime 
and conformal transformations of 3 dimensional flat space embedded in it is the origin of conformal 
invariance of correlation functions generated in a de Sitter phase of the universe. 



The 10 solutions of (2.2) for vector fields in flat are easily found. They are of two kinds. First 
there are 6 solutions of (2.2) with dk^k = 0, corresponding to the strict isometrics of M^, namely 3 

10 



translations and 3 rotations. Second, there are also 4 solutions of (2.2) with dk$.k 7^ 0. These are the 



4 conformal transformations of flat space that are not strict isometries but preserve all angles. They 
consist of 1 global dilation and 3 special conformal transformations. The explicit form of these solutions 



and demonstration of their one-to-one correspondence with the solutions of (2.1) in de Sitter spacetime 



is given in Appendix [B| Here we focus on deriving the consequences for the CMB. 



The Killing eq. (2.1 ) for de Sitter space in the flat FLRW coordinates (1.1 ) becomes the set of eqs. 



drKr = , 
drKi + diKr = 2HKi , 
diKj + djKi = 2Ha^6ijKr . 



(2.3a) 
(2.3b) 
(2.3c) 



The global dilational Killing solution of eqs. (2.3) is particularly easy to grasp. By fixing an 



arbitrary normalization constant, we may write this solution in the form 



-1 



or K-(^) = - 
or i^*(^)=x' 



(2.4a) 
(2.4b) 



which satisfies (2.3). This is the infinitesimal form of the finite dilational symmetry. 



X — )• Ax , 

a(T) — ^ \^^a{T) , 

r ^ T - H-^\ii\ 



(2.5a) 
(2.5b) 
(2.5c) 



which clearly leaves the metric of de Sitter spacetime (1.1) with (1.5) invariant. Considering only a 
fixed time spatial slice, (2.4b) or (2.5a) shows that this is a transformation of which does not leave 
the geometry invariant but which rather rescales all distances uniformly, so that di^^^^^ = diXi = 3 is 
independent of x. However in de Sitter spacetime this scale transformation of spatial coordinates in 



(1.1) can be compensated by a shift in the cosmological time (2.5c) such that the full transformation 



(2.4) is an exact symmetry with xj^^ obeying (2.3). The consequence of this exact symmetry of 



the full de Sitter spacetime is that Fourier modes of different comoving wavenumber k leaving the 
cosmological horizon at a different FLRW time r in a de Sitter invariant state give rise to a primordial 
fluctuation spectrum which has simple power law scaling behavior \k\^ with |A;|. If the conformal 
weight w of the held generating the primordial fluctuations is chosen appropriately, namely w ^ 0, then 



this essentially kinematic feature of de Sitter space embodied in the dilation symmetry (2.5) leads to 
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the prediction of a scale invariant Harrison- Zel'dovich power spectrum for the CMB at largest scales, 
otherwise independently of how those fluctuations are generated. 



In addition to the global scaling symmetry (2.5), de Sitter spacetime possesses a larger 50(4, 1) 



symmetry group and 3 additional solutions of (2.1), given by (B3), whose spatial components are the 
special conformal transformations of M^. The existence of this additional conformal symmetry implies 
that any 5*0(4, 1) de Sitter invariant correlation function must decompose into representations of the 
conformal group of 3 dimensional flat space. As we show in the next section this imposes non-trivial 
constraints on the shape of non-Gaussianities generated during a de Sitter phase of the universe's 
expansion. In general, the representations of the conformal group of induced by de Sitter invariance 



need not be simple or irreducible representations. However because of the exponential expansion (1.5) 
the conformal representations become simple at times and distances large compared to the horizon scale 
1/H. This can be seen most simply at the level of the scalar two-point correlation function which we 
discuss first. 

The de Sitter invariance of the two-point correlation function of scalar fields of arbitrary mass 
G{x,x'; M'^) = i{^{x)^{x')) implies that G must in fact depend only upon the 50(4,1) invariant 
distance between the two spacetime points x^ and x''^, which can be expressed in terms of the de Sitter 
invariant scalar function 



1 - z{x,x') = 



(2.6) 



in coordinates (1.1). That this is the appropriate distance invariant can be seen most readily by 



transforming to conformal time 



H-'e'''^ = , (2.7) 



a(r) Ha{T) ' 



in de Sitter space, so that (1.1) becomes 

ds^ = {-drf + dx^) , with ^(77) = --^ = a(r) , (2.8) 

with Vt the conformal factor. Then 

1 - z{x, x') = [-(77 - v'f + \x- xf] = _ ^')2 (2.9) 

4r/r/ '- -' 4 

is the Lorentz invariant flat spacetime distance (x — x')^ = —{rj — rj')"^ + {x — x')'^, rescaled by the local 
conformal factor 0, at both x^ and x'^. 
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The two-point correlation function G (yz{x^ x'); M^) of a massive scalar field in an S'0(4, 1) de Sitter 
invariant state satisfies the scalar wave eq. 



(- □ + M^) G[z{x, x'); M^] = -H"^ 



.(l-.)^ + 2(l-2..^^ 



(2.10) 

When = 2H^ = ^ takes on the value for a conformally, coupled massless field, then the solution of 



(2.10) in the fully 0(4, 1) de Sitter invariant state is the two-point function [20], 



G,onf{z) = G[z;2H^ 



167r2 1 



n{ri) 



Att"^ [x — x') 



n{ri') 



(2.11) 



which is the flat spacetime two-point function of a massless scalar conformally scaled by single powers 



of at r] and 7]'. On any fixed time slice t = t' or rj = r\ the propagator (2.11) is a simple power 
of |x — x'P (namely —1), describing a scale and conformal invariant two-point correlation function of 
a conformal field of conformal weight one, corresponding exactly to the engineering mass dimension of 
the scalar field 

For general (2.10) is the standard form of the hyper geometric eq. with the solution 

ij2 



G\z;M' 



167r" 



r(a)r(^)F(a,^;2;z) 



a 



in terms of the Gauss hypergeometric function 2-^1 = F ^ with parameters 

3 

2 
3 

2 

and V defined by 



9 M2 



(2.12) 

(2.13a) 
(2.13b) 

(2.14) 



for < < I . If exceeds | ff^, v becomes pure imaginary but (2.12)-(2.14) remain valid. At 
X = x' (2.12) is correctly normalized for (2.10) to give 5^(x,x') with unit weight. 



As might have been anticipated, (2.12) does not have simple scaling behavior in |x — x'| at fixed time 



for arbitrary M. However in the limit of large times t ^ t' ^ H ^, the behavior of G[z;M2] again 



becomes simple. Inspection of (2.9) shows that in this late time limit the de Sitter invariant 



1 — z(x, x') 



X — X 



00 



(2.15) 



as ri,rj' ^ for any fixed finite spatial separation \x — x'\. Then the known asymptotic form for 2Fi{z) 
in (2.12) for z — —00 gives [12] 



G[z;M^ 



A+^\x-x'\-^+^'' + A. 



\x — x'l^^^'^'^ 



(2.16) 
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where 



(2.17) 



valid for a — /3 = 2iy not equal to an integer. Hence after many e-foldings, the de Sitter invariant scalar 
field propagator of arbitrary mass exhibits conformal behavior and simple power law scaling. Moreover 



if < I so that u is real, then only the leading power law term |j; — x'| ^^^'^ of (2.16) survives in 
the asymptotic limit. 



The power law behavior (2.16) can be compared with the definition of the correlation function of a 



conformal operator with conformal weight w, namely 



;/l~2w 



(2.18) 



The conformal weight of the scalar field $ at late times in de Sitter space inferred from (2.16) and (2.18) 
is 

3 



(2.19) 



which differs from its canonical dimension of unity if differs from its conformal value of 2H^. At 



= 2H^, from (2.14) u = h, the second term in (2.16) drops out entirely and one obtains only the 



single power corresponding to (2.11), with the conformal dimension or weight (2.19) equal to unity. 



The conformal weights at infinity may be identifed in an even simpler way by examining the behavior 
of the individual mode solutions to the massive scalar wave eq. 



(-□ +m2)$ = 0; 



with no spatial coordinate x dependence, i.e. 



$fr) 



1 



w± 



(2.20) 

(2.21a) 
(2.21b) 



This is the rj dependence of the coefficients A±,y{r],ri') of ( |2.17[ ), associated with the conformal weights 



w± of the two terms in (2.16). That the conformal weight(s) can be inferred either from the correlator 



(2.12), (2.16) or more simply from (2.21) is a consequence of the fact that as r/, r/' — t- the de Sitter 



invariant 1 — z behaves as in (2.15), so the powers of rfrj' are necessarily tied to those of \x — x'\ in 



any de Sitter invariant correlation function. Since the two-point function satisfies the sourcefree scalar 



wave equation (2.10) for non-coincident points, and the spatial dependence of V^/a^ vanishes at late 
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times due to the cosmological redshift, it follows that the power of the invariant 1 — z can be fixed by 



simply examining the power dependence of the spatially independent solutions to (2.21), as we have 



just verified explicitly. Thus any S0(4, 1) invariant Green's function of z{x,x') (not necessarily just 
that of massless fields) exhibits conformal behavior of correlators in the scaling region \x — x'\ ^ rj,7]' , 



since it automatically incorporates the connection between spatial scaling (2.5a) and readjustment of 



the FLRW scale factor in (2.5b) which is an exact symmetry of de Sitter space, and all finite distance 



scales in |x — x'| are scaled to arbitrarily large values by (2.15) in this region 



The lesson of this simple example of a free scalar field is that even non-conformal fields in de 
Sitter space exhibit simple conformal power law scaling behavior on the flat M'^ spatial sections after 
sufficiently long exponential expansion in a de Sitter phase, with an effective conformal weight given by 



in eq. (2.19). The conformal behavior of de Sitter invariant correlation functions (2.16) is an example 



of the dS/CFT correspondence described in Refs. [T2l - [H1 [T6l l2T] . and the result of the mathematical 
isomophism between the conformal group of the flat sections and the four dimensional de Sitter group 
50(4, 1). Because of the larger symmetry of de Sitter space, expressed by the 3 additional solutions 



to the Killing eq. (2.1), given by (B3), which are in one-to-one correspondence with the 3 additional 



special conformal transformations of flat space satisfying (2.2), de Sitter invariant correlation functions 



possess full conformal invariance (not just invariance under global dilations). At future spacelike infinity 
/+ only the leading lowest weight real irreducible representation of the conformal group of on the 
boundary is selected for < | H^, in the late time limit Ht ~ Ht' ^ 1. 

In the massless, minimally coupled case, corresponding to a scalar inflaton field, approaches zero 



and u approaches |. In this case (2.12) exhibits a divergence, and strictly speaking there is no de Sitter 



invariant state or correlation function for = |22j . For small — t- 0^ (2.14) and (2.19) give 



1 M2 



(2.22) 



so the effective conformal weight of the inflaton goes to zero from positive values. To see how this 



scaling behavior (2.18) with (2.22) can lead directly to a Harrison-Zeld'ovich scale invariant primordial 



CMB spectrum in an essentially model independent way, consider that the stress tensor of a free fleld 
is a bilinear in the $ field (multiplying w^^ by 2) and involves two derivatives (shifting the conformal 
weight by two units). If the vacuum expectation value (<I>) = 0, the effective conformal weight of scalar 
energy density fluctuations 6p of the scalar fleld ^ is then 



2 + 2w, 



(2.23) 
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From (2.18) a general operator with conformal weight w has a power spectrum in Fourier space 

G2{\k\;w) = {d^(k)d^{-k)) ~ / d^x (^^■^\x\-'^'^ ~ Ifcp^-s. (2.24) 



Thus from (2.22)-(2.24), the spectral index of the energy density fluctuations in Fourier space is 



4 M2 ^ ^ 

=2u;p-3 = l + 4^i;^ -1 + --^. (2.25) 

The value = 1 for — )• is the classical Harrison-Zel'dovich (HZ) result [9j. Notice also that 
= 1 is the minimal value for a positive field. Negative corresponds to unstable tachyon fields 
in de Sitter space. The classical HZ spectral index for the CMB is the minimal one allowed by unitarity 
of quantum field theory in de Sitter space. 



In Sec. IV we show by an exact treatment of gauge invariant linearized perturbations of Einstein's 
eqs. in de Sitter space that the perturbations of the gravitational potential(s) T are related to the 
energy density perturbations 5p by an effective Poisson eq. V^T ~ AirGa'^Sp. This fluctuation in the 
gravitational potential is ' 'frozen" outside of the cosmological Hubble sphere and provides the primordial 
initial condition for perturbations at Hubble sphere re-entry (71 [5] • Since the simple conformal behavior 



(2.16) occurs at late times in the de Sitter phase, the simple primordial power spectrum of energy density 



fluctuations (2.24) applies only at the very largest angular scales or lowest multipole moments. For large 
angular separations, or equivalently for the lower i multipoles of the CMB power spectrum the Sachs- 
Wolfe effect dominates. Thus the observable temperature fluctuation in the CMB in a given direction 
on the sky is related to the gravitational potential perturbation T and energy density perturbation in 
the de Sitter phase by 

/ now \ ^ / decoupl 



In (2.26) the first term is the intrinsic temperature fluctuation of a CMB photon at decoupling while the 
second is the gravitational potential perturbation T it encounters in travelling to us to be observed. The 
sum is gauge invariant, and is most readily evaluated in the rest frame of the cosmological fluid, where 
the first term (^)^gcot(pi negligible |23l I24j . The last proportionality to dp/k?' is not a Newtonian 



approximation, but in fact follows from the gauge invariant analysis of Sec. |IV[ relating the gravitational 
potential to the energy density perturbation 5pm. the primordial de Sitter phase, where it originates. 



It follows from the relative factor of k"^ in (2.26) that if the conformal weight of the density pertur- 
bations is Wp, then the scaling weight of the perturbations in the gravitational potential is reduced by 
2 and given by 

s = wp-2 = 2w^, (2.27) 
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where (2.23) has been used in the last equahty. Hence the two-point function of CMB temperature 



fluctuations is determined by the scaling dimension s to be 

'ST ,^JT ,^ 



qCMB 



= Csr{-s){i - h ■ h'y 




Go 



|;s + 2)e'"- 



ik-{x—x') 



(2.28) 



for some (generally s dependent) constant Cg- The emission points of the CMB photons are at equal 
distance \x\ = \x'\ from the observer by the assumption that the photons were emitted at the last 
scattering surface at equal cosmic time r. Notice that the power behavior of the density perturbations 



in momentum space (|2.24|) and definition of the spectral index by (|2.25|) corresponds to the power 
behavior = \k 



^ which is if s 



0, TT-g 



1 for the integrand of (2.28). This is the 



standard power behavior for the spectrum of the curvature perturbation (denoted by 7^ or (" by other 
authors, c.f. [TjiSj) in momentum space. Thus, in order for the CMB temperature anisotropics to be 
scale invariant at large angular separations ,3 = 0, the primordial energy density fluctuations must have 
conformal weight Wp = 2, leading to the classical Harrison-Zeldovich spectral index n„ = 1 for those 



energy /mass density fluctuations, c.f. (2.25). 

Expanding the function G2^^^ in multipole moments. 



^ oo 

G^^^(n • n'; s) = - ^(2^ + l)c,{s)P,{h ■ h') 



gives 



q(s) ~ r(— s) sin (tts) 



(2.29) 



TU + s) 



(2.30) 



r(£ + 2-s) ' 

for general s, with a pole singularity at s = appearing in the ^ = monopole moment. This is just the 
reflection of the fact that the Laplacian cannot be inverted on constant functions, which should 
be excluded from the power spectrum. Since the CMB anisotropy is defined by removing the isotropic 
monopole moment (as well as the dipole moment), the ^ = term does not appear in the moment sum 



(2.29) in any case. The higher moments of the anisotropic two-point correlation are well-defined for s 



near 0. Normalizing to the quadrupole moment C2(s), we find 

r(4-s) r(^ + s) 



Q('S) = C2(s) 



r(2 + s) r(£ + 2-s) ' 



(2.31) 



which is a standard result [25]. Indeed, if = 2, s = and = 1 by (2.23) (with = 0), we obtain 
(.{I + l)c£ = , for the classical Harrison-Zeld'ovich power spectrum, for the lower moments of the 
CMB anisotropy assuming the Sachs- Wolfe effect dominates. This approximation holds reasonably well 
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for i < 40. For larger values of ^ a detailed transfer function analysis is necessary, and the moments 
corrected to include other effects on the propagation of the CMB photons from emission to observation 
point by the standard line of sight integration of the relevant kinetic equations over the past light cone 
|26t [27] . The propagation of the temperature perturbations within the cosmological horizon lead to the 
acoustic peaks in the CMB power spectrum at larger i. 

In the real space angular variables of directions on the sky, (2.28) corresponds to a conformal 
weight of Wp/2 — 1 



w^^. In the limit Wp 



1 of the classical Harrison-Zel'dovich power 



spectrum, we find from (2.28) 



\HZ 



lim 



C2 

s 



C2 ln(l — n ■ n') + const. 



(2.32) 



for the angular correlations on the sky, after subtracting the pole contribution which contributes only 
to the i = moment. Thus, the classical scale invariant HZ spectral function also corresponds to a 
logarithmic zero conformal weight distribution in the real space angular directions on the sky. 

We emphasize that no slow roll approximation of any kind has been assumed in our dS/CFT con- 



siderations to arrive at (2.25), and (<I>) = so that we have not assumed any spatially homogeneous 



classical inflaton field, slow rolling or otherwise to expand around. Instead (2.25) applies to scalar den- 



sity fluctuations {Spr ^Pt) from any source, provided they are generated in a de Sitter invariant state 



by some scalar quantity with (approximately) zero conformal weight (2.19), giving rise to fluctuations 



in the energy density with conformal weight (approximately) equal to 2. and their correlator is observed 



on spatial sections at late times where the asymptotic CFT behavior (2.16) applies. These are fully 



quantum fluctuations in which intrinsic energy density fluctuations in de Sitter space are responsible for 
the CMB, and not by expansion about a classical inflaton field expectation value which breaks de Sitter 



invariance. Any fluctuations with these conformal properties will give rise to (2.28), (2.29) or (2.32), 



consistent with the observational evidence that the primordial CMB power spectrum at large angular 
scales has a spectral index ~ 1 close to its classical Harrison-Zel'dovich value. The simple conformal 
behavior of the correlation functions in an 5*0(4, 1) de Sitter invariant state follows automatically from 



(2.16), which is itself a consequence of the mathematical isomorphism between the isometry group of 
de Sitter spacetime and the conformal group of M'^ , together with the kinematical exponential redshift 
of all distance scales in de Sitter space at late times. 



The result (2.25) is superficially similar to that obtained in slow roll models with a nearly flat 



potential, V = Vq + iM^^)^, and with the slow roh parameter r/(^>) = V" /S-kGVq = M'^/3H^ < 1. 
Thus it also starts with a scalar field of conformal weight approximately equal to zero (and typically 
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slightly negative since V" < 0). However, the route to (2.25) in slow roll inflation is completely different 
than the derivation given above, based on general considerations of conformal invariance, which we shall 
refer to as the dS/CFT approach. In order to emphasize the the differences, let us review the main 
steps in arriving at the CMB power spectrum in slow roll inflation models, comparing and contrasting 
them with the dS/CFT approach presented here. 

First, although the energy-momentum tensor is bilinear i.e. quadratic in the field ^, in slow roll 
inflation models one factor of $ is taken by the spatially homogeneous classical field ($) = (j)ci{T) slowly 
rolling in a nearly flat potential, and as a result the energy-momentum tensor of the fluctuations is 
linear in the spatially inhomogeneous perturbations 6(j) about </>c/(r). Since the perturbation 6(p couples 
linearly to gravity in standard slow roll inflation, and the perturbation in the gravitational potential T 
is given directly by 

T~-if4^ (2.33) 

4>ci 

at horizon exit in the inflationary phase [71, ^8], which is also linear in the perturbation 6(j), the conformal 
weight of the scalar field fluctuations 6<j3, is transferred directly to the gravitational potential pertur- 



bation. The gravitational perturbation (2.33) becomes effectively frozen and remains constant outside 
the horizon with an approximately scale invariant spectrum, without any need to consider the energy 
density perturbation explicitly. Strictly speaking in the standard picture the inflaton is not a conformal 
field with a well-defined conformal weight, and the full SO {4, 1) conformal invariance of de Sitter space 
plays no role in the slow roll model. The simple scale invariance of 5(j) follows directly from the existence 



of only the scale symmetry (2.4)-(2.5) in the de Sitter inflationary phase, provided the fluctuations 



are independent of the origin of cosmic time r. Likewise the Harrison- Zel'dovich spectrum follows from 



simple scale invariance under (2.4)-(2.5) alone, while the larger 50(4, 1) de Sitter invariance is explicitly 
broken by the non-zero expectation value of the inflaton background field (Pci{t). 

In contrast, in the dS/CFT approach there is no classical inflaton field to expand around, and hence 



no relation of the kind (2.33). The full 5*0(4, 1) invariance of de Sitter space is not broken by any scalar 
inflaton field expectation value. Instead the fully quantum fluctuations of the energy-momentum tensor 
in de Sitter space are the fundamental quantity. With ($) = (p^i = 0, the energy-momentum tensor 
remains quadratic in the quantum field <I>. As long as this quantum field has zero conformal weight 



w^^ — )• 0"*", and its energy-momentum tensor has two derivatives, according to (2.23) the energy density 



fluctuation 6p has conformal weight 2. Indeed (2.25) shows that the energy density fluctuations must 



have a conformal weight equal to 2 in order to give rise to a classical Harrison-Zel'dovich power spectrum 

19 



for the gravitational potential perturbations T and CMB temperature anisotropy JT, consistent with 
observations [11]. This is equally true in the standard picture, although it is usually not emphasized 



since the density fluctuations are not needed explicitly if (2.33) is used to bypass computation of 5 p. In 
the deS/CFT approach the energy density perturbation 6p plays the central role. Its intrinsic quantum 
fluctuations are conformal and are related to the potential perturbations T by gravitational perturbation 
theory of the linearized Einstein eqs. around de Sitter space, discussed in detail in Sec. |IV[ The 
gravitational potential fluctuations in the linearized Einstein theory are derived quantities which need 
not be conformal fields with a well-defined conformal weight, which is why we use the notation s (rather 
than w reserved for fields of definite conformal weight) for their scaling dimensions under dilations. In 
both approaches the perturbations are adiabatic, and generate no entropy. Despite the quite different 
physical origins of the fiuctuations, whether by a scalar inflaton or full SO{A, 1) invariance in the dS/CFT 



approach, the final result for the two-point power spectrum of the temperature anisotropics (2.29)-( 2.31| ) 



is unchanged if s ~ 0, and the CMB power spectrum data is consistent with either hypothesis of their 
physical origin. 

A second point about which we should like to be very clear concerns the statistics (Gaussian or 



not) of the temperature anisotropics. In slow roll inflation the relations (2.26) and (2.33) also fixes the 
statistics of the CMB temperature fiuctuations to be exactly that of the scalar infiaton field fiuctuations 
5(j). Since in the dS/CFT approach there is no scalar inflaton fleld expectation value, the statistics of the 
energy density, temperature or observable gravitational potential perturbations cannot be related to 5(j) 
but must be determined independently. Indeed in conformal fleld theory cubic and higher non-Gaussian 
correlation functions of the stress tensor such as {Tab{xi)Tcd{x2)Tef{x^)) are generally non-zero even 
in a free, Gaussian fleld theory. In 4 dimensions this non-Gaussian three-point correlation function 
is determined by conformal Ward identities in terms of 3 dimensionless parameters which are model 
dependent [28]. These non-Gaussian parameters may have any value, and could in principle be much 
larger than the predictions of inflationary models, yet if not too large, have escaped detection to this 
point. In any case the statistics and magnitude of the non- Gaussian energy density fluctuations and 
hence that of the CMB anisotropics have nothing to do with the statistics of 5(j) in the dS/CFT approach. 

In either the standard inflationary slow roll picture or the present dS/CFT approach the CMB 
temperature fluctuations at large angular scales inherit the nearly scale invariant spectral index ~ 



in angular directions h. In dS/CFT the equality (2.28) for the CMB power on the sky applies with 



s = 2w^^ replacing by combination of slow roll parameters r/ — 3e in slow roll models • Since the exact 
value of w^, s or the slow roll parameters are presumed close to zero in any case, the two predictions 
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for the CMB two-point power spectrum can hardly be distinguished observationally. Note however that 
whereas general dS/CFT arguments of the kind we have been considering lead to a spectral index > 1 



in (2.25), tilted (if at all) slightly to the blue if M > for a unitary representation of the SO{A, 1) de 
Sitter group, single field slow roll models are typically tilted slightly to the red, corresponding physically 
to the slightly unstable mode of the inflaton rolling away from pure de Sitter space. The WMAP data 
currently favors a red spectral index rig ~ 0.96 it 0.036 [1], about one standard deviation less than unity, 
although that fit is based on a number of model dependent assumptions (such a ACDM) which still 
require direct confirmation. 

To summarize, the slow roll scenario assumes a particular de Sitter breaking dynamics governed by 
the form of the infiaton potential V, which determines also the magnitude of the CMB temperature 
fiuctuations through the slow roll parameters, as well as their statistics which are Gaussian to a high 
degree of accuracy. In the dS / CFT approach general considerations of conformal invariance intrinsic to 
the symmetries of de Sitter space determine the spectral index shape of the power spectrum, from simply 
keeping track of conformal dimensions, independently of any particular dynamical model, although the 
overall amplitude or magnitude of non-Gaussian correlations cannot be determined from these symmetry 
considerations alone. Since as — )• 0, — )• 1 in either case, the important conclusion is that a (nearly) 
Harrison-Zel'dovich CMB power spectrum cannot distinguish between slow roll inflation and a physically 
quite diff'erent origins of the CMB temperature anisotropies rooted in conformal invariance of nearly 
weight zero conformal fields, descended from full 0(4, 1) invariance of the instrinsically quantum energy 
density fluctuations of conformal weight u;p ~ 2 of those flelds in a de Sitter phase. We shall see in the 
next section how this degeneracy is lifted when one considers the non-Gaussian bispectrum. 



III. CONFORMAL INVARIANCE AND THE NON-GAUSSIAN BISPECTRUM 

Adopting the point of view that conformal invariance of correlation functions in de Sitter space is a 
kinematical consequence of de Sitter invariance itself, and of the intrinsically quantum fluctuations of the 
stress tensor in a de Sitter phase, not necessarily the effect of a scalar slow roll scenario, the implications 
for higher point correlation functions may be derived independently of dynamical assumptions or speciflc 
models as well. One has simply to require that the correlation functions on the spatial sections of 
de Sitter spacetime obey the Ward identities of a primary conformal field of a general conformal weight 
w, namely p9l[30] 

Gn{xi, . . . ,xn;w) = {Ow{xi) . . .OwixN)) = [0,{xi) . . .n^xi)]"" GNix'i, . . . ,x',^;w) (3.1) 

21 



where x' is the conformahy transformed value of the coordinate x. For the conformal Kihing vector 



solutions of (2.2) the infinitesimal conformal variations may be expressed as 

6x = ^(x) 



Substituting these first order variations into (3.1) gives a differential eq. for Gn 



{w6ni + • Vi) + • • • + {w5nN + S.N ■ Vat) GAr(xi 



,xn;w) 



0, 



(3.2a) 
(3.2b) 

(3.3) 



where Vn is the fiat space gradient operator with respect to the coordinate Xn, = S,{xn), and 
6Q,n = SQ{xn) are eqs. (3.2) evaluated at for n = 1, . . . , A''. 



A differential identity of the form (3.3) is obtained for each of the 10 solutions of (2.2). The 3 



translations and 3 rotations for which 6^1 = require Gn to be a function only of the translational and 
rotational invariant distances, 



Since the dilational mode (2.4b) has (,^^\x) = x, 60,^^^ = 1 and Viri2 = (xi — X2)/ri2 = — V2ri2, the 
dilation identity for the two-point function, = 2 is 

d 



2w + ri2 



dr 
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G2 = 0, 



(3.5) 



which leads immediately to (2.18). The identity corresponding to the three special conformal transfor- 
mations of M^, 



|I^)(x) = 2((7-x)x-C|xp 
6n'^^\x) = 2C-x 



(3.6a) 
(3.6b) 



gives (3.5) multiplied by C ■ (xi -|- X2) and hence no additional constraints on the two-point power 
spectrum, which is thus automatically both scale and conformal invariant. 
For the three-point correlation function = 3, the dilational identity is 



3t(; -I- xi • Vi -I- X2 • V2 -I- X3 • V3 G3 



^ d d d 
3w + ri2 7^ h ri3- h r23 



G3 = 0, 



(3.7) 



'dru 5ri3 dr23_ 
since G3 is a function of (^12, T23, ri3). This condition does not completely fix the form of G3. However, 



the Ward identity corresponding to the special conformal transformations (3.6), 

Odd 

C ■ 2(X1 +X2+Xz)w + (Xl + X2) ri2^ h (X2 + X3) r237;^ h (X3 + xi) rsi- — 

ori2 or23 orsi 



G3 = (3.8) 
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together with (3.7) imphes that all of the 3 partial derivative terms in (3.7) must be equal to each other. 



Hence each must be equal to —wG'^. Therefore, we find that the general solution of (3.7) with (3.8) is 



G3{ri2,r23,ris;w) 



C3{w) 



\xi — X2\^\X2 — XspIxs — Xi\^ 



(3.9) 



{ri2r23ri3)'^ 

with C3{w) an arbitrary constant. Thus the three-point correlator is determined up to an arbitrary 
normalization constant by conformal invariance, while the two-point function G2 was fixed already by 
dilational invariance alone. 



In Fourier space the three-point correlator (3.9) becomes 



G3{ki,k2,k3;w) = C3{w) 



23— vrir(^) 

rlf) 



5^{ki + k2 + k 



J" \p— ki 



3—w 



p+ k2\^-'^\p\^' 



{27rf6^{ki + k2 + k3){h 



\3u)— 6 



[r(f)]^ 

where ki = \ki\ and the shape function S{X, Y; w) of the ratios 



SiX,Y;w) 



(3.10) 



k^ 

may be expressed in the form (c./. Appendix [F|) 



S{X,Y;w 

^ r(3 



r(3-f) 
r(f) 



1 

du I dv 







A-2 

V = 



1_ 'W_ w 

[u{l - n)w]2 2 (1 _ v)^~^ 







[u{l -u){l-v) + {l- u)vX + uvYf 



(3.11) 



(3.12) 



TT 



2 2 



fin 



[n(l-M)]2 2 



F 3 



3u; u; 3 . 
-,---^-Z{X,Y-u 



'0 [{l-u)X + uYf-- 
valid for Re w > 0. In the last expression the argument Z(X, Y; u) of the Gauss hypergeometric function 
F = 2F1 is 

uil — u) 



Z{X,Y;u) = 1 



(1 - u)X + uY 



(3.13) 



The original expression (3.10) is symmetric under permutations of the ki, so it is understood that S 



must be symmetrized among the six permutations of (fci, A;2, /cs). A closed form for the momentum 



integral in (3.10) in terms of the generalized hypergeometric function F4 (Appell's function) is also 
available ^J, leading to the result for the bispectral shape function given by eq. (F6) of Appendix [F} 



According to (2.26) and following the same reasoning leading to (2.28) for the two-point CMB power 



spectrum, the three-point CMB bispectrum in real space is obtained from the Fourier transform (3.10) 
of the three-point conformal energy density correlation function by forming 

iki-xi+ik2-X2+ik3-X3 \ 



QCMBf;^ - 



(xi,X2,X3) 



d^kid^k2 d^k3 



l^lP 1^2^ l^sP 



G3{ki,k2,k3;w = Wp) , 



(3.14) 
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FIG. 1. The bispectral shape function (3.121 with pole contribution subtracted as in (3.161, for conformal weight 



w = 1.98, corresponding to a CMB spectral index n — 0.96, as a function oi X = -A and Y 



^2 



and then setting the magnitudes equal, = \x2\ = {x^l on the assumption that the CMB photons were 



emitted at equal cosmic time. Comparing to (3.10)-(3.11) we see that this introduces an overall factor 
of {kik2k^)~'^ = {ki)^^ {XY)^^ for the Fourier transform of the observable CMB Fourier transform and 



S' 



CMB 



{X,Y) 



S{X,Y;Wp) 
XY 



(3.15) 



is the effective bispectral shape function for the CMB. 

The shape function S{X, Y; w) is plotted in Figs. [T]j2] for values of the conformal weight w = 
1.98,2.02, corresponding by ( 2.25| ) to CMB spectral indices of n = 0.96,1.04 respectively. Because of 
the pole in F (3 — ^) as w — t- 2, we have plotted the shape function (3.12) with this constant pole 
contribution subtracted, i. e. 



SsubiX,Y-w) = SiX,Y;w) 



An 



3(2 -w) 



(3.16) 



which has the finite limit as — )• 2. Any constant subtraction affects only the 1 = moment or overall 
magnitude which is removed in any case from the CMB anisotropy correlation functions. 



The last form of (3.12) is the most useful for examining special cases of (A;i, /c2, ^3) for general w. 
Two important special configurations are: 



The Squeezed Case: For ki = 0, k2 = k^, inspection of (3.12) and (3.13) shows that Z{X, Y;u) = 1 
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FIG. 2. The bispectral shape function (3.12), for conformal weight w = 2.02, corresponding to a CMB spectral 



index n — 1.04, as a function oi X = ^ and Y = -z^. As in the previous figure, the pole contribution at w = 2 



has been subtracted: (3.16) 



and 



lim \{kif'"-'^SiX,Y;w)] 

fci-5-O 



r(3 



^) [r (i 



r)]'r(^.-i) 



r(3-u;)r(f^-i) 



{k2 



- < Re < 3 ; 

(3.17) 



The Equilateral Case: For ki = k2 = ks = k, since ^(1, 1; u) = 1 — n(l — u). 



„3«)— 6 



5(1, l;u;) 



r 3 



TT 



3tt;\ 



2 y 



r 



w 



„3«)— 6 



^ [u{l -u)]-^ 2 F (^3 1 - n(l - u) 



(3.18) 



with a shape function independent of k. The remaining integral over u in (3.18) may be performed 



and the result expressed in terms of a generalized hypergeometric function 3F2, but as the result is 
not particularly illuminating, we omit this explicit form. In both the limiting cases of squeezed and 
equilateral triangles for the three momentum vectors {ki, k2, k^) one obtains a simple power law for the 



bispectrum (3.17) or (3.18) respectively, in the remaining scalar variable. 



It is also instructive to examine the limit if — )• 2 for general ki. This limit is finite for the pole 



subtracted bispectral shape function (3.16) and we find explicitly 

Ssub{X, Y;2) = - [ du [ dv [n(l - n)f]"5 In [n(l - u){l - v) + {I - u)vX + uvY] + const. 



du 



In [(1 - u)X + uY] + 2 



1 - Z 



tan 



-1 



const., 



(3.19) 
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FIG. 3. The subtracted bispectral shape function (3.191 for conformal weight w = 2.00 corresponding to a CMB 



spectral index n — 1.00, as a function of X = and Y 



^2 




FIG. 4. Contour plot for the bispectral shape function (3.19) corresponding to Figs, [sjfor a CMB spectral index 



k k 

of its classical HZ value n — 1.00, as a function of X = p- and Y = The larger values of S{X, Y; 2) are for 
smaller X,Y in the red region at the upper left, gradually decreasing toward larger X and Y at the lower right. 



up to an irrelevant finite constant, and Z = Z{X, Y; u) is defined by (3.13). The shape function Sgub is 
plotted in Figs. [3j and a contour plot is also given in Fig. |4] for this case of classical HZ spectral index 
n = 1. As can be seen by comparing [T]|3| the form of the shape function is relatively insensitive to the 
exact value of the spectral index near n = 1. 

The form of the shape function in (3.12)-(3.19) determined from conformal invariance of flat 



sections in de Sitter space is quite different from that derived from the simplest inflation models \10\ l32l 
133] . For example, the parameterization of the non-Gaussian term in single field slow roll inflation by a 
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small non-linear term, <I>(x) = + /AfL[*l'i(^?) — where /tvl is the non-linearity parameter, 

leads to the "local" model of the dimensionless non-Gaussian shape function, 



Slocalikl,k2, ks) = 2fNL{kik2hif [Po{ki) Poik^) + Po{k2)Poik3) + ^0(^:3)^0(^1)] 



2/jvLiVo 



1.2 1.2 L.2 

rxi-i rvry rvn 

+ + 



(3.20) 



.^2^3 kik^ kik2 

where Nq is the normalization of the two-point power spectrum Po{k) = No/k^ for the inflaton or 
gravitational potential fluctuations during slow roll. The "equilateral" shape, 

{ki + k-2- k3){k2 + fcs - ki){k3 + ki - k2) 



Sequiliki, k2, ks) OC 



(3.21) 



kik2k3 

has also been considered by some authors, while the full prediction for the bispectral shape for single 
field slow roll inflation is the linear combination 1331 



5e 

Sslowroll OC (6e - 2r])Slocal{kl,k2, ks) + —Sequil{kl,k2, kz) , 



(3.22) 



with 



em 



1 



7?(^>) 



V" 



IGvrG \ V ) " ' SttGV 

the usual slow roll parameters defined in terms of the scalar inflaton potential and its derivatives. 



(3.23) 



Clearly these shape functions are quite different from (3.12) for general w or ki, or (3.19) for w 



2, degenerating to each other only in special kinematic configurations. The reason for this is 



that the standard assumptions of slow roll inflation models require a departure from de Sitter space 
and violation of conformal invariance. Only (approximate) scale invariance is assumed, which as we 



have observed gives (3.7) which does not completely fix the form of the bispectrum. In addition, in 



the usual picture the magnitude of non-Gaussianity of the CMB is tied to the violation of 5*0(4, 1) 
de Sitter and conformal invariance parameterized by the slow roll parameters, whereas (3.12) or ( 3.19| ) 
is derived from the intrinsic conformal symmetries of de Sitter space itself, with an amplitude that is 
otherwise undetermined by conformal invariance considerations alone. It is therefore possible for both 
the magnitude and the shape of primordial non-Gaussianities in the CMB to be quite different from 
models tied to the slow roll of scalar inflaton field, and for observational detection of an alternate form 
of the shape function to point to a quite different dynamical origin for the CMB fluctuations. We note 



also that (3.20), (3.21) or (3.22) are quite singular as one of the fcj — )• 0, whereas (3.12) has at worst 



a logarithmic behavior in this limit. This implies that observational limits on the amplitude of the 



slow roll shape (3.22) will generally lead to less restrictive limits on the amplitude of the non-Gaussian 



bispectrum (3.12) 
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For higher point correlations, the conformal invariance identities (3.3) do not completely determine 
the correlation functions GAr>3(xi, . . . ,xn',uj) [llj. For = 4, the solution of (3.3) is 

h{P,Q) 



Ga{xi,X2,X3,X4;w) = {Ow{xi)Owix2)Owix3)OwixA)) 



2m 1 
3 



(3.24) 



[?"l2ri3?^14?'23''24?'34j 

where Ja is an arbitrary function of the two cross-ratios, P = ri3r24/ri2r34 and Q = ri4r23/ri2r34. 
Analogous expressions hold for higher A^-point functions. In the equilateral case in Fourier space, 
ki = ■ ■ ■ = k]\f = k, the coefficient amplitudes become constants and one again obtains a universal In A; 
dependence in the limit w ^ 2. 



IV. GRAVITATIONAL POTENTIALS AND THEIR SCALING IN DE SITTER SPACE 

In this section we derive the relationship between energy density perturbations and scalar gravita- 
tional potential perturbations in de Sitter space, in a fully relativistic gauge invariant formalism. In 
so doing we justify (2.27), showing how the density perturbations of conformal weight Wp = 2 in the 



deS/CFT approach generate the scale invariant HZ spectrum for the gravitational potentials, and hence 
the CMB temperature anisotropics at large angular scales, where the Sachs- Wolfe effect dominates 

The fluctuations around any self-consistent solution of the semiclassical Einstein eqs. satisfy the 
linear response eqs., 

6 (r% -^6% + a 6%] = SttG 5{T%) . 



These couple the fluctuations of the metric to the fluctuations of the quantum matter stress tensor, at 
linear order in the deviation from the de Sitter metric gab^ i-e. 

gab = gab + hab ■ (4.2) 

It is well known that the metric perturbations hab which are scalar with respect to the background three- 



metric r]ij in the flat FLRW coordinates ( 1.1 ) can be parameterized in terms of 4 functions, {A, B, C, £), 
in the form [EllHlES], 



hj- 
hi 



-2A 
adiB 
2a^ 



(4.3a) 
(4.3b) 
(4.3c) 



Since the linearized metric perturbation under a linearized coordinate (gauge) transformation — >• 
j.a _j_ ^a^^;) undergoes the change 

hab hab + Va6 + Vfe^a , (4.4) 
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and in the space plus time split the gauge transformation {^'^, = (aT, 9*L) can be characterized by 2 



scalar functions T and L, it follows that only 2 linear combinations of the 4 functions in (4.3) are gauge 
invariant. These may be taken to be the 2 gauge invariant gravitational potentials 

TA = A + dr(al3)-dr(a^dr£), (4.5a) 
Tc = C- -^ + al3-ad{dr£). (4.5b) 



These are the gauge invariant gravitational potentials denoted by and in ref. p4], and by 
and in Ref. [35], while the authors of ref. [8j employed the notation (<1>, — 'f) for (T^, Tc). 

The general stress-energy tensor perturbation in flat FRLW coordinates in the scalar sector may be 



decomposed according to the analog of (4.3) for the metric tensor. Thus we specify the stress tensor 



components in the scalar sector in terms of 4 functions by 



5T^^ = -5p , (4.6a) 
6T\ = -diV , 5T\ = ^ d,V , (4.6b) 



5\ 

V2' 



5T^ = 5p5\^ + I ^ - d'^dj W (4.6c) 



We note that the stress tensor perturbations around exact de Sitter space are gauge invariant [8], and 
hence so are the functions 6p, 5p, V, W. However, invariance under the coordinate gauge transformation 



(4.4) implies that the 4 scalar functions {5p,6p,V,W) are not all independent, but rather are related 



by 2 non-trivial constraints embodied in the conservation eqs. 



—6p + 3-{6p + 6p) = - 
OT a a 

5_ 2 



5p + 3-i6p + 6p) = , (4.7a) 



^^i^-^V + mV + -W-6pj =0, (4.7b) 

corresponding to the 2 coordinate gauge symmetries specified by T, L. There remain 2 independent 
stress tensor components in the scalar sector and the information needed to determine the 2 gauge 
invariant potentials in terms of these is contained completely in the rr and total trace components of 
the linearized Einstein eqs., 

5G\ = 8ttG 5T\ = -SttG 5p , (4.8a) 
6R = -SttG = BttG i6p -3 6p), (4.8b) 

the other components of the linearized Einstein eqs. being automatically satisfied if the Einstein eqs. 



for the background and stress tensor conservation eqs. (4.7) are satisfied |36j . 
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Specializing to de Sitter space where a/a = H is a constant and the energy density and pressure 
perturbations are themselves gauge invariant for arbitrary spatial dependence [8j, the two relevant 



linearized Einstein eqs. (4.8) may be written in the gauge invariant form [36] 

1V2 



d 9 

OT 



3 a 



2^C 



AttG 



6p, 



92 



d d o IV^ 2V2 

2-Tc - H—T,, + iH—Tc - AH^Tj, - - Tc 

OT'^ OT OT 3 3 a'^ 



AttG 



{5p-3 6p). 



(4.9a) 
(4.9b) 



By differentiating (4.9a) with respect to r and operating on it with V /a , and then taking appropriate 



linear combinations with (4.9b), these eqs. may be solved for the gravitational potentials in terms of 
6p and 6p in the form 

2 

I Tc = -127rG 



a 



H^6p + 3H\6p + 6p) + ~6p 
OT 3 



-UttG 



^6p + 7H^Sp + 3H^dp + l2H\6p + 6p)-^ 

OT"^ OT OT 



Sp 



+ Sp 



(4.10a) 



. (4.10b) 



When the conservation eqs. (4.7) are used, we see that the right sides of (4.10) are proportional to 



total spatial Laplacians, one of which therefore may be cancelled from each side of eqs. (4.10), with the 
simple result 

V2 



Tr 



-4ttG {Sp + 3HV) , 



T^= 4ttG{Sp + 3HV + 2W) 



(4.11a) 
(4.11b) 



in the sector with non- vanishing spatial derivatives, or in Fourier space k ^ 0. The sum and difference 



of eqs. (4.11 ) give 



(T^ + Tc) = 8^GPF, k^O; 



iTA-Tc) = 8TTG{5p + 3HV + W), k^O, 



(4.12a) 
(4.12b) 



showing that if there are no anisotropic spatial stresses, W = 0, the gravitational potentials are equal 
and opposite Tc = — T_4 in the spatially inhomogeneous k ^ sector, or = $ in the notation of [8j. 
In the spatially homogeneous sector k = 0, we may set V = W = 0, there is only one gauge invariant 



potential, namely 9t-Tc — HT^n which is given directly by (4.9a), and (4.9b) is automatically satisfied 



because of the remaining conservation eq. (4.7b) with V = 0. This degeneracy of the k = case is 



related to the existence of (5) conformal Killing vectors in de Sitter space, which being composed of 
linear combinations of constant, linear (x) and quadratic (x^) functions of the spatial coordinate, are 
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non- Fourier normalizable at = 0, where the Laplacian is non-invertible. The existence of these 
conformal Kihing modes impUes that there is an enhanced hnear diffeomorphism symmetry and hence 
fewer gauge invariant potentials at A; = 0. This connection can be shown most clearly by working in 



the spatially closed coordinates of (AlO), for which the spatial Laplacian has a discrete spectrum, 
all the modes are normalizable on S^, and the degeneracy in the gravitational potentials and conformal 
Killing vectors appear together in the A; = (singlet) and k = 1 (quartet) harmonics on §^ [2 



The result (4.11) shows that the relativistic gravitational potentials in linear perturbation theory 



around de Sitter space are related to the stress tensor sources in the scalar sector in the same manner 
as in Newtonian theory, namely by the Laplacian V^/a^ of the non-relativistic Poisson eq. The only 
differences from the non-relativistic case are the appearance of two potentials in the relativistic theory 
rather than one when anisotropic stresses are present (i.e. W ^ 0), and the appearance of the velocity 
perturbation V as an additional source of the relativistic potentials. Note that no assumption about 



the perturbations being sub- or super- horizon has been made. Eqs. (4.11) are exact gauge invariant 



relations in the flat FRLW coordinates (1.1) of de Sitter space 



From the discussion in Sec. a density perturbation of weight w redshifts at large cosmological 
time in the asymptotic conformal scaling region of de Sitter space according to 



6p (X a 



(4.13) 



If the other components of the general stress tensor perturbation (4.6) scale the same way at late 



cosmological time Ht ^ 1, then from the solution (4.11) under dilations the gravitational potentials 
T_4, Tq scale according to 



, Tc oc a 



with 



(4.14) 



in the asymptotic region of de Sitter space. This establishes the scaling weight of the potentials in 
terms of the energy density perturbations in the scaling region. In particular it shows that the scaling 
weight s = of the gravitational potentials necessary to give rise to a scale invariant Harrison- Zel'dovich 
spectrum of CMB temperature anisotropics must arise from a conformal weight Wp = 2 energy density 
perturbation in de Sitter space. Such 6p oc behavior has been found in the energy density per- 
turbations of a massless, minimally coupled scalar field in de Sitter space [38], exactly as expected on 



general grounds from (2.22) and (2.23) for M = and = 0. Let us emphasize again that these are 



quantum fiuctuations intrinsic to de Sitter space, with vanishing expectation value of the scalar field 
(<I>) = 0, and no slow rolling inflaton. 
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We have used the notation s for the gravitational potential scaling dimension (4.14) because it is not 
a conformal weight in the same sense as Wp. The reason is that the Laplacian is not a conformal 
differential operator in 3 dimensions (as it is in 2 dimensions). Thus the gravitational potentials from 
the linearized Einstein eqs. satisfying ( |4.11 ) are not conformal fields possessing well-defined transforma- 



tion properties under the special conformal transformations (3.6). This has no effect on the two-point 



power spectrum (2.28), whose form is determined by global dilations alone, without the full S'0(4, 1) 



conformal group. The power of k'^ needed to convert energy density fluctuations to gravitational poten- 



tial fluctuations (hence CMB temperature fluctuations), which follows from (4.11) and global scaling 
under dilations is all that is needed to convert the power spectrum of density perturbations to that of 
the gravitational potential in de Sitter space. 

The non-convariant transformation properties of in 3 dimensions does mean that treating the 
energy density as a conformal field with conformal weight Wp = 2, whose three-point correlator is given 



by (3.9) or (3.10)-(3.13) in Fourier space, satisfying the Ward identity (3.8), and then dividing by kfk'^k'^ 



according to (4.16), is not equivalent to treating the gravitational potentials and CMB temperature 



fluctuations themselves as conformal fields of weight s = 0. This is obvious from the fact that treating 
the energy density 5p as a conformal field with a definite weight gives 



|felP|fe2|2|fc3 



/ 



\p — ki\^ ^p\p + /c2p 



for Wp near 2 , 



(4.15) 



leading to eq. (3.14) of the previous section for the CMB bispectrum, while the second prescription 



of treating the gravitational potential(s) and CMB temperature fluctuations themselves as conformal 
fields of weight s would give 



d^p 



p — ki\^ ^\p + k2\^ 



for s near . 



(4.16) 



Clearly (4.15) and (4.16) and their corresponding shape functions are quite different including in the 
squeezed limit, although they have the same overall scaling under global dilations ki — )• Xki of all 3 



vectors simultaneously if s is given by (4.14). This is the reason that the authors of [39] obtained a 



different result for the squeezed limit of the non-Gaussian CMB bispectrum under the second hypothesis 
than we have obtained under the first hypothesis of treating 5p as a conformal field of weight near 2, 
rather than any error in evaluating the integral in terms of hypergeometric functions, either in Sec. Ill 
or ESI- 



32 



V. THE STATIC FRAME AND CONFORMAL INVARIANCE ON THE DE SITTER 

HORIZON 



The embedding of the flat spatial coordinates (1.1) is one way in which conformal invariance can be 



realized in de Sitter spacetime. The use of flat spatial sections is not essential in fact. The conformal 
group of the closed and open hyperbolic spatial sections in cosmological coordinates is also the 
de Sitter isometry group SO {A, 1). Hence the main results apply to all cosmological homogeneous and 
isotropic metrics whether the spatial sections are open, closed or flat. 

In this section we consider a rather different realization of conformal invariance from embedding in de 
Sitter space based on the existence and kinematics of the cosmological horizon. The leads to a different 
set of conformal Ward identities and a different form for the CMB non-Gaussian bispectrum, as well 
as a rather different suggestion for the physical origin of CMB anisotropics, and models of dark energy. 
As in the previous case, the basic kinematics is best illustrated by exhibiting explicit coordinates. In 
this case we make use of the static coordinates of de Sitter space (reviewed in Appendix [A|) . 

In the static coordinates the line element of de Sitter spacetime can be expressed in the form 

ds^ = _(i _ H\') dt' + — + r'dn' . (5.1) 

(1 — H'^r'^) 



These static coordinates are quite different from the spatially flat FLRW coordinates (1.1) globally. 



Rather than exponentially expanding, the metric in (5.1) is independent of time t. Rather than being 



spatially homogeneous, the static coordinates have a preferred origin about which they are rotationally 



invariant. The horizon for the observer at r = is apparent in (5.1) as the spherical surface at 



r = H ^ = where the line element becomes singular. Notwithstanding their rather different forms, 



the line element (5.1 ) is a representation of de Sitter spacetime equally valid to the FLRW line element 



(1.1) in their region of common applicability within the observer's cosmological horizon. 



The explicit coordinate transformations from flat FLRW coordinates (1.1) to static coordinates (5.1) 



are given by Eqs. (G1)-(G2) of Appendix O Note in particular from (Gl) 



a(r) = e^" = \/l - H^r"^ e^* , (5.2) 

so that the distant past r — ?■ —oo, a(r) — )■ corresponds to either t — >• — oo or r — r^. Hence in a 
de Sitter universe (or a universe dominated by dark energy which approximates a de Sitter universe) 
primordial fluctuations usually thought of as arising in a very early epoch in the history of the universe, 
may in fact arise on or near the cosmological horizon at r — )• instead. 
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Note next that in the static frame the metric factor 



/(r) = 1 - H^r-" -^0 as r , (5.3) 
so that the static time variable drops out completely at the horizon. The invariant distance function in 



de Sitter space defined previously by (2.6) becomes in the static coordinates (5.1) 



l-z{x,x') = ^ |l - H^rr'h -n -\J\- i^VVl - H'^r''^ cosh - t')] } , (5-4) 



where n, n are the two unit direction vectors on the sphere. Eq. (5.4) shows that if the two points are 
on the horizon r = r' = with respect to the origin of static coordinates, then this function becomes 
simply 

1 — z{x^ a;') —7- - (1 — n • n ) , (5-5) 

and the de Sitter invariant function z{x,x') when both points are on the horizon is a function only of 
the 0(3) invariant quantity on the sphere, namely h ■ h' . 

That the cosmological horizon is also the locus of conformal behavior may be seen in several different 



ways. On the static t = const, hypersurfaces the remaining three dimensional line element of (5.1 ) takes 
the form 



ds'^l^^^^ = f{r)dil = f{r) [dr*^ + H-^ s\n\?{Hr*) dn'^] , (5.6) 



where dr* = y and 



Hr* = tanh-\Hr) = ^ In Q^^^ ^ . (5.7) 
Hence the horizon at r = = is mapped to r* = oo in these coordinates, and the line ele- 



ment within the square brackets of (5.6) may be recognized as a standard form of three dimensional 
Lobachewsky (L) or Euclidean Anti-deSitter (EAdSs) space, consisting of one sheet of the doubled 
sheeted hyberboloid with isometry group SO {3, 1). Thus, by well-known arguments of AdS/CFT cor- 
respondence [40] , one expects conformal behavior at the two dimensional horizon boundary, namely on 
the sphere of directions n = {nx,ny,nz) with n • n = 1 [T7]. This conformal behavior can be seen 
most clearly by introducing Poincare coordinates for the three dimensional optical metric, viz. 

_ _ rux 



1 — Hrn? 



(5.8a) 



_ _ r^j f'i 1 \/l — i^2^2 

^ = 1 - Hrn, " H 1 - Hrn, ' ^^'^""^ 
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so that the three dimensional Lobachewsky metric in (5.6) takes the standard Poincare form 



Ml = {dz'^ + dx'^ + df) . (5.9) 

In these Poincare coordinates the two dimensional horizon boundary manifold at z = has been 
mapped into the M? plane, parameterized by {x,y), by stereographic projection [17 1. The north pole 



at = 1 and r = is mapped to the point at z = oo. It is clear from (5.9) that scale transforma- 
tions of the M? plane (x, y) — t- A {x, y) at fixed z can be compensated by a corresponding simple scale 
transformation on z — )■ \z. This is an exact symmetry of the three dimensional Lobachewsky metric. 
When this scale transformation is supplemented by the two special conformal transformations of M^, 
one obtains the full global conformal group of either or S^, namely 5*0 (3, 1), which is exactly the 
isometry group of the three dimensional Lobachewsky space dl^. 

On §2 the action of 50(3, 1) can also be represented as the group of proper Lorentz transformations 
acting on the directions of radial light rays in 3 + 1 dimensions, c.f. Appendix [E} In de Sitter space this 



is the subgroup of the de Sitter group that leaves the static time t and three dimensional metric (5.6) 
invariant. Again the conformal group of a dimension d—\ slicing is isomorphic to the symmetry group 
of the embedding d dimensional space, with now d = 3. Since 50(3, 1) C 50(4,1), the mapping of 
Killing vectors of de Sitter spacetime to conformal Killing vectors on S'^ cannot be one to one, but there 
is a projective (several to one) mapping, which is described in detail in Appendix [Cj Hence conformal 
transformations of the spherical horizon boundary metric at r = r^:^ can be viewed as coordinate 
transformations which leave the three dimensional de Sitter metric at constant t invariant, and conformal 
invariance on the cosmological horizon follows from de Sitter invariance of the bulk, just as in the 
embedding considered previously. 

The conformal behavior at the cosmological horizon of de Sitter space in the static frame may viewed 



in another way. In coordinates (5.1) because of the r dependent compression of physical time ^dt^ 



there is the usual kinematic gravitational redshift/blueshift of the local frequency 

measured at r relative to that at the origin. The corresponding energy hjjioc diverges as r — )• and 
therefore becomes much greater than any finite mass scale, which may be neglected at the horizon. As 
shown in Appendix lE] this is reflected in the fact that the wave equation for a scalar field of arbitrary 



finite mass (2.20) becomes indistinguishable from that of a massless conformal field in the horizon limit 
r ^ r^. Thus conformal behavior in this limit is to be expected on physical grounds of all mass scales 
becoming negligible. 
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The three dimensional hne element (5.9) has a form quite analogous to the four dimensional de Sitter 



line element (2.8) with the spacelike coordinate z taking the place of the conformal time ry, and with the 
boundary in (5.9) at z = taking the place of the M'^ boundary in (2.8) and Figs. 5][6 at 77 = 0, /+. 



Thus the analysis of conformal behavior at the horizon boundary parallels the corresponding late 
time behavior of the FLRW flat embedding. The scale transformation (x, y) — t- A (x, y) is analogous 



to (2.5) in the full de Sitter metric (2.8) in its Poincare conformal time coordinates. As in (2.21) 



this makes possible the study of conformal behavior of fields or correlation functions on the horizon 
boundary by the scaling behavior with z oc in the corresponding bulk Poincare coordinate. Although 
the representations of the conformal group generated at fixed r need not be simple or irreducible in 
general, as the horizon boundary is approached, z ~ ^7 — 0, r ^ r^, simple power law behaviors and 
definite conformal weights can be produced. This conformal weight of a field <I>^ can be obtained by 
examining its power law behavior |40| 



as 



(5.11) 



near the horizon boundary. Further, since the 5*0(3, 1) invariant distance function on Lobachewsky 



space, analogous to (2.9) is 



d{x, x') = ^,{{z- -z'f + {x- x'f + {y- y'f] 

1 ~ \/ /(^)/(^') ~ H^rr' h ■ n 



(5.12) 



which is conformally related to the de Sitter invariant distance function (5.4) with t = t' , we see that 



positive conformal weight fields with w > with scaling behavior (5.11) will have two-point correlation 
functions on the horizon sphere §^ with the angular behavior 



($^(r,n)$^(r',n')) ~ [d{x,x')Y 



Bwif, t') (1 — n • n' 



l\—w 



with 



i?^(r,/)«[/(r)/(r')]t. 



(5.13) 



(5.14) 



analogously to (2.17). This is a key result which we shall make use of in the next section. 



VI. CMB POWER SPECTRUM AND BISPECTRUM ON THE DE SITTER HORIZON 

Since the physical origin of fluctuations generated after many e-foldings in an inflationary epoch on 
the one hand, and those generated on or near the cosmological horizon on the other are quite different, 
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they lead to quite different observational consequences for CMB non-Gaussianity. To derive the form 
of the conformal Ward identities in this second case we make use of the representation of the conformal 
group of the sphere as the proper Lorentz group in three spatial dimensions described in Appendix [E] 
In fact, the conformal transformations of the directions on the sphere regarded as light rays may be 
placed in one-to-one correspondence with Lorentz boosts 114|. The infinitesimal form of this conformal 



transformation parametrized by the Lorentz boost velocity vector v in (E8) or (Ell) is 



S^fi = —V + {v ■ h)h . 



(6.1) 



For the two-point correlation function G2 of a conformal field with weight w, rotational invariance first 



restricts G2 to be a function only of the invariant (5.5). Then the conformal identity is 



(6.2) 



or using (ElO) in infinitesimal form, we have 



6i;G{z) = V ■ {hiw + h2w)G{z) + ((5^ni • Vi + 6^h2 ■ V2) ^(2:) , 



(6.3) 



where Di denotes the gradient with respect to hi on the sphere and similarly D2 denotes the gradient 



with respect to h2- From (5.5) on the de Sitter horizon 

1 + ni • n2 

Z = Zi2 = 



(6.4) 



so that 



^ ( . dG2^ h2 dG2 
\/iG2{z;w) = — 7— Viz 



dz 



2 dz 



and similarly for V2G'2(2;). Hence 



^vG2{z) = V ■ {hiw + h2w)G2{z) - V- {hi + 112) (1 - z) 



dCh 

dz 



Thus 5^Gw{z) = implies that G2{z;w) satisfies 



dG2{z;w) 
(1 - z) = w G2{z; w) , 



which has the solution 



dz 



G2(z;w) 



a2{w) 
(1 - zy 



It is also straightforward to show from the finite transformation (Ell) that on the horizon 



(6.5) 



(6.6) 



(6.7) 



(6.^ 



[1 — h'l • = il(ni) [1 — ni • 712] ^{h2) 



(6.9) 



37 



with r2(n) given by (ElO). When raised to the power —w this verifies (6.2) directly. 



Turning next to the three-point function of three fields of equal conformal weight, 



^3(^12, 2:23,^13) = {Owihi)Ou,in2)Ow{h3)) , 



(6.10) 



invariance under the conformal transformation (E8) implies 



(6.11) 



or in infinitesimal form, 



= dijGs = wv ■ (ni + h2 + m)G3 + {5^hi ■ Vi + (5^n2 • V2 + dnhs ■ V3) G3 

dG3 



wv ■ {hi + n2 + n3)G3 - v ■ {hi + n2)(l - Z12) 



dz 



12 



-V- (n2 + n3)(l - 2:23) -v-{hi + n3)(l - zis)^^^ 



dz23 

This condition can be satisfied for arbitrary v, hi,h2, h^ if and only if 



dz 



13 



(1 - ^12 



dzi2 



Z23, 



dz23 



(1 - ^13^ 



dGs 
dzi3 



w 



G. 



Therefore, the conformal Ward identity (6.12) requires 



G3(Z12, 2:23, 2:13; ^i') 



a3{w) 



(6.12) 



(6.13) 



(6.14) 



[(1-Z12)(1-Z23)(1-^13)]2 

for some constant 03 (li^). This procedure may clearly be continued to higher point functions, with the 
results similar to flat space with rf^ = \xi — Xj\'^ replaced by (1 — Zij). Again the form of the four point 
trispectrum is constrained but not uniquely determined by conformal invariance. 

Unlike the case considered previously where the conformal invariance of A^-point functions was 
assumed to pertain on the flat sections of a FLRW cosmological model, and has to be translated 



first to Fourier space and then finally to angular directions on the sky of the CMB, (6.14) gives the form 



of the non-Gaussian bispectrum directly in angular variables, as observed from the origin r = of the 



static de Sitter coordinates (5.1 ). This corresponds to treating the present universe as approximately de 



Sitter due to the dominance of dark energy today, and the CMB anisotropics as generated by de Sitter 
invariant fluctuations on the cosmological horizon, rather than having re-entered the Hubble sphere 
from an earlier inflationary phase. We discuss in the next section a possible physical mechanism which 
could provide these conformal fluctuations on the cosmological horizon of de Sitter space. 

If one parallels the discussion in the FRLW case considered previously, one would again start with 
energy density fluctuations of conformal weight Wp ~ 2, and then convert these to fluctuations in the 
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gravitational potentials T_4^c in the scalar sector by solving the linearized Einstein eqs. according to 
(4.9)-(4.12). An important difference from the previous case is that whereas the Laplacian is not 
a conformal differential operator on M'^, it is conformal when restricted to S^. Thus the solution of 



the linear response eqs. ( |4.9[ )-(4.12) will yield conformal scalar potentials that transform under the 
conformal group of S^, 50(3,1) with definite conformal weights, wy, rather than only under global 
dilations only. We will give an explicit example of this in the next section. 

In addition, in a cosmological model of this kind, the observable CMB power spectrum may be 
obtained directly in terms of the angular variables on the sky from conformal field(s) of definite conformal 
weight w = (or nearly zero), without any need of the passing through the intermediate step of spatial 



Fourier transforms on M'^. Inspection of (5.13) or (6.8) shows that that a weight w = field on S has 



an angular correlation function 



G2{z; 0) = C2 ln(l — h ■ n) + const. 



(6.15) 



which is exactly the angular correlation of the classical Harrison- Zel'dovich CMB spectrum (2.32) in the 



Sachs- Wolfe regime. Thus, at the level of the two-point power spectrum alone one cannot distinguish 
this radically different possibility for the origin of the CMB anisotropics and power spectrum from the 
standard FLRW cosmological model. In other words the observable CMB two-point power spectrum is 
identical in the three quite different physial models: 

1. The usual slow roll inflation scenario of CMB temperature anisotropics exiting and then reentering 
the cosmological horizon; 

2. Conformal fluctuations in de Sitter space of a scalar field of nearly zero conformal weight on flat 



FLRW sections ( 1.1 ), giving rise by dS/CFT correspondence to conformal weight zero fluctuations 



of the gravitational potential, as in (2.16) to (2.32); 



3. Conformal fluctuations generated on the cosmological horizon itself as the boundary of 



Lobachewsky space by scalar fluctuations with conformal weight w ~ 0, as in (6.2), (6.8) and 



(6.8). 



A scale invariant Gaussian CMB power spectrum with conformal weight nearly zero, and logarithmic 
correlations on as in (6.15) is obtained from slow roll inflation, or from the conformal invariance 



inherited from 50(4, 1) de Sitter invariance, whether we regard the primordial fluctuations as arising 
on or embeddings in a dark energy dominated universe, such as that postulated in inflation, or even 
as applies to the observable universe today for a much lower value of H. The details of the CMB power 
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spectrum such as the acoustic peaks will be produced in the interior of the cosmological horizon by the 
same causal physics in any case, no matter how the primordial fluctuations were generated, whether on 
or from beyond the Hubble sphere. Thus the two-point power spectrum alone cannot provide definitive 
evidence of detailed inflationary scenarios or the origin of the CMB anisotropies. 

When one shifts attention to the non-Gaussian correlations, the situation is quite different. The 



bispectrum in the S case (6.14) becomes in limit if — )• 



Gz{zi2, 2:13; 0) = C3 [ln(l - fii ■ 712) + ln(l - n2 ■ %) + ln(l - % • fii)] 



(6.16) 



which is completely separable, and quite different again from either (3.19) or the single field slow roll 



inflation prediction (3.22). In fact, in this limit (6.16) is ultralocal, in the sense that the shape function 



corresponding to it in the flat Fourier space variables of the previous section has an additional 5- 
function. To see this, note that in flat coordinates 



In \xi — X2\'^ = ln(2|2;|^) + ln(l — hi ■ h2 



(6.17) 



if the two points xi^2 = \x\ hi^2 from which the CMB photons are emitted are (neglecting fluctuations) 
at the same physical distance, as usually assumed in the standard cosmological model. Inserting ( 6.17| ) 



into (6.16) for each of the factors, and Fourier transforming with respect to each of the 3 position 



variables Xi gives 



G^{kiMM\^)--5\k2 + k:i) 



1.3 



\nk2 + 5\ki + k-i 



1.3 



lnk3 + 6-\ki + k2) 



kf 



Inki, (6.18) 



where again ki = \ki\. Extracting an overall d^{ki + k2 + k^) and multiplying by (fcifc2A;3)^ to compare 



with the dimensionless shape function of a conformal weight 2 field in (3.12) we find that the result is 
proportional to 



Ssih, k2,k3;0) = ki5\ki) ^2 In A;2 + A;2<^'(A:2) ks Ink^ + ki6-\k3) ki Inkf 



(6.19) 



which has support only when one of the ki = 0, i.e. in the squeezed configuration. If one takes w slightly 



greater than in (6.14), this extreme concentration on the squeezed configuration is smoothed somewhat. 



but should still be distinguishable from the local shape function (3.20). If non-Gaussianities are detected 



in the CMB, and in particular the support of the bispectral shape function is found to be highly peaked 



on the squeezed configuration, consistent with (6.16) or (6.19) for low £ multipoles, it would be evidence 



in favor of conformal invariant origin of the CMB anisotropies on the cosmological horizon, as described 
in this section. If the shape of the primordial bispectrum can be determined (irrespective of magnitude). 
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the three different possibilities for the spacetime locus and origins of the fluctuations themselves may 
be distinguished by observations. The bispectrum a generic freely falling observer at a point offset from 
the origin would see may be worked out with simple geometric considerations and will be presented 
elsewhere. 



VII. CMB ANISOTROPIES FROM COSMOLOGICAL HORIZON MODES 



Up until this point we have simply assumed the existence of scalar fluctuations in de Sitter space, 
which couple to the gravitational field, and worked out the purely kinematic consequences of that 
assumption. As is well known there are no scalar fluctuations in the classical Einstein theory. Thus if 
we are to do away with the scalar inflaton, the question naturally arises of what supplies the necessary 
scalar degree of freedom in its place. In this section we discuss a possible quantum origin and physical 
mechanism for the generation of scalar fluctuations in de Sitter space, which could give rise to the CMB 
anisotropy and non-Gaussianities on the cosmological horizon, as discussed in the last section. For 
this we first recall some properties of quantum fields and their fiuctuations in de Sitter space. 



The first observation is that the 0(4, 1) de Sitter invariant state with correlation function (2.12) is 



in fact a thermal state with respect to the static time coordinate t of (5.1 ). Mathematically this follows 
from the fact that de Sitter invariant correlator is periodic in imaginary time t — t' ^ t — t' + 2Tiir^ , as 
is immediately obvious from (|5.5[) and the periodicity property of the hyperbolic function, cosh\H{t — 



= 7^ ■ (7.1) 



t' + 2TTir^)\ = cosh[H{t — t')]. The resulting periodicity of the correlator (2.12) is exactly the KMS 
condition for a propagator in thermal field theory [41] , with the temperature 

hH 

In the 0(4, 1) de Sitter invariant equilibrium state the radiation entering the horizon volume r < is 
exactly compensated by the radiation leaving it, so there is no net fiux and the state is stationary with 
respect to the Killing static time t. 

When one considers next fiuctuations around the equilibrium state, it is natural to consider causal 
fluctuations in the temperature within one horizon volume. At that point one immediately finds a 
perhaps surprising result: any finite temperature fluctuation in the spherical volume enclosed by r = 
away from the equilibrium value (no matter how small) produces an infinite stress-energy tensor at 
the horizon. Indeed the expectation value of the renormalized stress-energy tensor has the form 



{T\)„^——^- ^ diag(-3,l,l,l), (7.2) 
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as r ^ r^. The quadratic power divergence in this hmit can be understood from the kinematic blueshift 
(5.10) and the fact that the stress tensor is a dimension 4 operator, and so scales as ^lo^i''")- The 



divergence in (7.2) vanishes if and only if T = i.e. if and only if all fluctuations in the temperature 
within any given horizon volume are identically zero. Note that if such a fluctuation does occur it would 
spontaneously break the larger de Sitter isometry group 0(4, 1) to a subgroup 0(3, 1) or 0(3), selecting 
from the homogeneous ensemble where any point is equivalent to any other, a preferred origin at r = 
around which the fluctuation is centered 



The quantum matter source on the right side of (4.1) that gives rise to these fluctuations can be 



described by an effective action functional, the relevant part of which can be written in the form, 

b' f ^( . /„ 2 



in terms of a new scalar field (f. Here 



(fxyf^ { -Lp/\iip + [E UR]ip 



(7.3) 



E 
b' 



*D *Tyabcd 



yabcd 



360(47r)2 



RabcdR' 

{Ns + llNw + Q2Nv) 



ARabR"'' + R^ 



A4= □2 + 2i?"VaVb 



lRn + \{v''R)Va 



-□ (-□ + 2H'^), 



(7.4a) 
(7.4b) 

(7.4c) 



in terms of the number of the underlying massless quantum conformal scalar {Ns), Weyl fermion (Nyy) 
and vector (Ny) fields contributing to the quantum stress tensor. The fourth order differential operator 
A4 is conformally invariant (when multiplied by \/—g) and factorizes in de Sitter spacetime as indicated 



in the last form of (7.4c). Let us emphasize that the scalar if due to the trace anomaly is not introduced 



as adding new inflaton degrees of freedom in a model dependent way, but rather is the result of quantum 
fluctuations of Standard Model massless fields (such as the photon, or the graviton itself) in curved 
space with no additional assumptions. The field f is a purely quantum scalar degree of freedom over and 
above the classical transverse, traceless degrees of freedom in General Relativity. It can be understood 
as describing two-body correlations of the underlying quantum theory [45j . 



In ref. [36] the solutions of eqs. (4.1) with the stress-energy tensor derived from (7.3) were studied 



in both the flat FLRW coordinates (1.1) and the static coordinates (5.1). Linearized perturbations of 



the stress tensor 5{T"'^) of the form (7.2) were found, corresponding to the fluctuation of the thermal 



state away from its strict Hawking-de Sitter value (7.1). The large effects on the stress tensor at the de 



Sitter horizon as in (7.2) are due to the perturbations of the anomaly scalar if in the one- loop effective 



action (7.3). Note that the stress tensor of these fluctuations need not become inflnite on the horizon. 
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but only sufficiently large to influence the de Sitter geometry through the semiclassical Einstein eqs. 



(4.1), which couple the metric perturbation to the fluctuations of the anomaly scalar ip 



In order to determine how the perturbations of stress tensor due to the trace anomaly behave under 
conformal transformations in de Sitter space, and find their conformal weights, we apply the general 



method of Sec. IV to the these fluctuations of 5(T'^), first in the flat FRLW coordinates (1.1) and then 



on the de Sitter horizon sphere. In the coordinates ( 1.1 ) the linear response equations in de Sitter space 



are of the form (4.9) with 



5p = 2>5p 



2HH' V2 



(7.5) 



where the quantity u is the effect of the quantum matter source, given in terms of the gauge invariant 



perturbation of the anomaly scalar field Lp in (7.3) by the relations [36i 



I Sr^ dr a? 



A, 



-^ + 5H—+6H^ 

OT^ OT 



V2 



n = 0. 



(7.6a) 
(7.6b) 



The condition (7.5) with (4.9b) implies that the linearized perturbation in the Ricci scalar vanishes. 



5R = 0, which removes the possibility of very high frequency Planck scale perturbations from the fourth 



order operator A4, and guarantees that the remaining solutions of (4.9)-(7.6) are in the long wavelength 



regime of validity of the semiclassical eqs. far below the Planck scale in energy. Thus (4.9) with (7.6b) 



are finally second order equations for u, T_4, Tc with no Planck scale solutions. The solutions of (7.6b) 
in flat FLRW coordinates are 



ik-x 



1 



ik 



(7.7) 



in which the gravitational constant G enters only through the combination GH^ <C 1 describing the 



weak coupling of the quantum anomaly to the metric perturbation in (4.9) for a macroscopically large 
de Sitter space. 



Note that these modes (7.7) solving the anomaly scalar eqs. (7.6) describe an additional effective 



scalar degree of freedom, arising from the purely quantum effects of the trace anomaly, which act as 
linearized sources to the usual gravitational potentials (T_4, Tq) in the scalar sector of linearized gravity, 
without introducing an inflaton fleld. Thus whereas in the purely classical theory with h' = 0, there 



are no dynamical scalar degrees of freedom and the only solutions of (4.9) with 6' = are trivial, once 



6' 7^ the anomaly scalar degree of freedom drives fluctuations in the gravitational potentials much as 
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scalar inflaton fluctuations do in the conventional picture. In contrast to the conventional picture these 



are generated by quantum fluctuations described by the anomaly effective action (7.3), and are intrinsic 



to de Sitter space, requiring no fine tuned inflaton potential or slowly rolling classical expectation value 
4)ci of a de Sitter breaking inflaton field. 



Using the conservation eqs. (4.7) and (7.6b) we find for the other components of the anomaly stress 



tensor in the scalar sector defined in 



W = = —bp . 



(7.8a) 
(7.8b) 



Thus using (4.11) the solution of the linear response eqs. for this anomaly scalar perturbation is 



A; / 



(T^ - Tc) = IQttGH'V ( H— + 2H 



d 



u . 



(7.9a) 
(7.9b) 



for the sum and difference of the gravitational potentials for spatially inhomogeneous perturbations, in 
Fourier space 7^ 0. Since u ~ e^^^"^ for Ht ^ 1, the first of these relations show that the sum of 
the gravitational potentials T_4 + Tq has a scaling dimension s+ = 2 in the conformal scaling region 
of de Sitter space at late FRLW time. Thus this combination cannot give rise to the scaling needed 
(namely, s = 0) for an approximately flat Harrison-Zeld'ovich spectrum of CMB fluctuations. For the 



second linear combination of potentials, T_4 — Tc in (7.9b), inspection of (7.7) shows that the differential 
operator on the right side of (7.9b) reduces its behavior to for Ht ^ 1, so that the difference of 



potentials has the scaling dimension s_ = 1 at late FRLW time, again not the behavior needed for 
generating a flat CMB spectrum. Thus we conclude that the scalar degree of freedom present in the 
quantum trace anomaly does not generate the observed spectrum in the first realization of conformal 



invariance in de Sitter space in the fiat FRLW sections (1.1) at late times. 



This negative result is a consequence of the special role that the strictly homogeneous mode with 
= plays in the FRLW case, and the existence of the 5 conformal Killing vectors of de Sitter space, 
which lead to enhanced gauge symmetry at A; = and to non-invertibility of the scalar Laplacian in 



(7.9b) in the scaling region, Ht ^ 1. The additional coordinate gauge modes at the singular /c = 



limit in flat FRLW coordinates also preclude any use of the homogeneous modes of the gravitational 



potentials to extract their scaling dimensions along the lines of (2.21). In the second realization of 



conformal invariance on the de Sitter horizon, as shown explicitly in Appendix [Cj the Killing vectors 
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of de Sitter space (C2)-(C6) do not have non-trivial £ = harmonics on S^, so that the Laplacian on 
S'^ is invertible, and the hnearized Einstein eq. (7.9b) for the difference scalar gravitational potentials 



T_4 — Tq is solvable (up to a harmless constant). The conformal weight Wf = may be also obtained 



for this linear combination of gravitational potentials by a method analogous to (2.21) in the static 
coordinates, as we shall now show. 

In the de Sitter cosmological horizon limit r — )• r^, we can find the conformal weights of u and 



scaling of T_4^c by converting the differential operators in (7.6b) and (7.9b) to static coordinates (5.1), 



and examining the functions of r only obtained in the horizon limit. Since r is related to z of the 



Poincare coordinates (5.8) by (5.8c), and conformal weights obtained from (5.11) are necessarily tied 
to the behavior of correlation functions on by (5.13) through de Sitter invariance, this is the precise 



analog of obtaining conformal weights through the simple time dependence of spatially homogeneous 



functions via (2.21) in the FRLW case. 



Using the explicit forms of the coordinate transformations in Appendix IG] and assuming that 



u, T_4, Tc are now functions only of the static radius r, (7.6b) becomes 

du 



which has the general solution [361 



dr 



n du n 

+ 2H^r— + 6H^u = . 
dr 



(7.10) 



u 



Cl C2 

/ Hrf 



(7.11) 



for some constants ci and C2- Now the scalar Laplacian in (4.10) is invertible without any problem (up 
to constant and r^^ solutions, the first of which is harmless and the latter of which is singular at r = 



and hence excluded). Thus eqs. (7.9) hold and (7.9b) becomes 



1 d 



j,2 ^j. 



d 



dr 



(Tc - T^) = 167rGH%' 
which has the general solution 

Tc - T^ = SttGHH' 



du 
r- — h 2u 
dr 



(7.12) 



Cl 

Hr 



In 



1 - Hr 



1 + Hr 



_C2_ 

Hr 



In/ 



(7.13) 



again up to solutions of the homogeneous eq. {V^fTo = 0. In static coordinates these solutions are 
To = Co + c-ir~^ + cir + C2r^, so that they are either singular at r = 0, or give an irrelevant finite 
additive constant at r = r„. 



Now the result (7.13) shows that the difference of gauge invariant gravitational potentials Tc — T_4 



behaves logarithmically on the de Sitter horizon. Since in the case that all the potentials are functions 
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only of the static radial coordinate r, and by (5.11) conformal weight w fields scale like / 2 as /(r) 
1 — H^r^ — )• 0, the logarithmic scaling with /(r) in (7.13) corresponds to conformal weight 



s = wr = . 



(7.14) 



In the case the scaling dimension is also the conformal weight under the conformal group 5*0 (3, 1) 
on the horizon. 



Hence the conformal anomaly scalar in (7.3), itself a fluctuating scalar degree of freedom drives the 



difference of gravitational potentials (7.13) at linear order in perturbations around de Sitter space, and 



provides a possible source for zero conformal weight fiuctuations that can give rise to the correct scale 



invariant Harrison-Zel'dovich angular correlations at low £ multipoles according to (2.32) and (6.15). 



The result (7.9a) for the sum of gravitational potentials Tc + T_4 shows that this linear combination 



gives scaling dimension s 



2 according to (5.11). A negative conformal weight means that this 



combination cannot give rise to well-defined unitary conformal field on the de Sitter horizon. It suggests 
instead unstable or tachyonic behavior that requires a study of of the fully time dependent solutions 



of (4.10). We note that projecting onto the logarithmic weight zero terms requires equal and opposite 
gravitational potentials T_4 = — Tc, which interestingly is just the same linear combination generated 
by hydrodynamic perturbations (with no anisotropic stresses) in slow roll infiation models |SJ. It is 
the combination Tc — T_4 of zero scaling dimension under global dilations that can give rise to the HZ 
spectrum. 



The logarithmic power correlation function on the sky (6.15 ) derives from that of the anomaly scalar 



field (f of zero conformal weight in (7.3). Indeed the propagator for if is the inverse of the A4 operator 
defined by (7.4c). Since in de Sitter space A4 = — □(— □ + 2H^) factorizes, this propagator can be 
written as 



D[z{x, x )) 



1 



2//2 



1 



1 



-□ +2/72 



1 



2m 



[Gq{z{x,x)) - Gconf{z{x,x))\ 



where 



167r2 



21n(l -z) + ko 



(7.15) 



(7.16) 



is the propagator of a massless, minimally coupled scalar field (on the space of non-constant modes) 



and Gconf is the propagator of the massless, conformally coupled field (2.11). Thus from (D3), (7.15), 



and (7.16), 



D{z) 



167r2 



In {l-z) + 



327r2 



(7.17) 
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is a pure logarithm, up to an arbitrary additive constant. From (5.5) on the de Sitter horizon, 

1 



D(z) 



167r2 



In 1 



n ■ n 







(7.18) 



where h-h' is the cosine of the angle between the two direction vectors on the sky viewed from the origin 
from which the radiation appears to originate. This correlator is that of the two dimensional conformal 
Laplacian operator on the sphere S^. This is the conformal weight zero logarithmic correlator that is 



transmitted to the difference of gravitational potentials Tc — T_4 by the semiclassical Einstein eq. (4.1 ) 
and therefore to the CMB temperature fluctuation power spectrum through the Sachs- Wolfe effect for 
large angular scales, i.e. low multipole moments. Thus the anomaly scalar fluctuations governed by 



(7.6) can give rise to the CMB power spectrum in a fully 50(3, 1) conformally invariant way on the de 
Sitter horizon, without any need of the ad hoc introduction of a scalar inflaton field. 

Since the form of the two-point correlation function is dependent upon the conformal weight of 
the field giving rise to the fluctuations, and not upon the detailed dynamics, observations of the two- 



point correlations of the CMB anisotropics alone cannot distinguish (6.15) arising from fluctuations 
^ entering the horizon with spectral index n„ = 1 from those of (7.17), arising from fluctuations 



on 



of the anomaly scalar field and u near the cosmological horizon itself. These globally radically 
different physical origins lead to the same gauge invariant gravitational potentials, and generate the 



same Harrison-Zel'dovich large angle CMB power spectrum directly on the sky, (2.32), (6.15) or (7.18), 



for an observer at or near the origin r = 0. As shown in Sees. |III| and |VI| the CMB bispectrum 
can be used to distinguish these different possible origins. The corrections to this angular form from 
displacements from the origin vanish at first order and will be presented in a separate publication. 



VIII. GRAVITATIONAL WAVES FROM CONFORMAL INVARIANCE 

The considerations of conformal invariance can be extended equally well to the spectrum of gravita- 
tional waves. The fundamental quantity is the correlation function of transverse traceless tensors, 

G%{x,x') = {h,,ix)hkiix')) = C I d''pe'P<---'^ P'^lip) (8.1) 



where Pljliiv) given by 

Pipj 



Q,^(j>)^^,^-^-^ (8.2b) 
47 



is the projector onto transverse traceless tensors in flat Euclidean M'^. Eq. (8.1) is the general form of 



the spin-2 gravitational wave correlation power allowed by conformal invariance with a general spectral 
index — d and overall amplitude C, which may be obtained by solving the conformal Ward identity 



('21 

relations analogous to (3.3) leading to (2.18). Since the projector PIaIAp) is invariant under scaling 



ijkl \ 



Pi — \pi, simple power counting in p shows that the spin-2 correlator in position space (8.1) must take 
the form 



(2) 



ijkl 



ijkl ^ 



(8.3) 



(2) 

for some other constant C. One can find the full spin-2 conformal correlation function G^-j^^ in position 
space, obviating the need to construct the projector separately, by following a method for 



maximally symmetric spaces parallel to that for the de Sitter space graviton two-point function 

To this end note first that translational and rotational invariance in M'^ requires the full spin-2 
correlator G\-^i{x,x') to be a function only of the unit vector 



and the invariant distance 



n 



{x — x'y 



\x — X 



(8.4) 



/x(x, x') = \x — x'\ 



(8.5) 



Then noting that there are exactly 5 four-index tensors symmetric under interchanges of i and j, k and 
I, and the interchange of the pair and {k, /), that can be constructed out of the unit vector n* and 
the flat space metric gij = 5ij, namely 



4fkl = riiUjUkUi 



A3) 
''ijkl 



^ikhl + ^il^jk 



4fkl = ^ij^km + niUjSkl 
A5) 



\jkl = -{^ik^jUi + diiUjUk + Sjkriini + djiriiUk) 



(2) 

one can expand G--!, in this basis set of 5 tensors multiplied by arbitrary scalar functions of fi, 



ijkl 



G%{x,x') = Y,G^{^,)t^ 



ijkl 



(8.6a) 
(8.6b) 
(8.6c) 
(8.6d) 
(8.6e) 

(8.7) 



i=l 



The minus sign in (8.6e) is in order to agree with the conventions of ^46j. Then using 



diUj = -{6ij - riiTij) , 
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and imposing the conditions of tracelessness and transversality, 



and 9.Ggi, = 0, 



(8.9) 



one can derive 4 independent conditions on the 5 functions Gi{n), viz. 



dGi + 2G3 + G4 = 

G2 + dG4 - 4G5 = 

, d 2d , 
9 +-9 h = 

h'/'h-'^g = -^'-'^^'^'^G, 



(8.10a) 
;8.10b) 
(8.10c) 

;8.10d) 



where a prime denotes the derivative with respect to // and we have defined the Unear combinations 



9={d- 1)G4 - 2G3 

h = G5-G3. 



.11a) 



.lib) 



Now if we assume the power law dependence, 



G 



(x — x'Y'^T 



1.12) 



which defines the tensor scaling exponent s^. in terms of the spectral index, 



n„ 



.13) 



then (8.10) and (8.11) may be solved for all 5 scalar functions with the same power law in the form, 



Gi{^Ji) = Ai^i~^'T 



.14) 



with 



A. 



A. 



As^{d — Sy) 
(d-2)(d+l) 



4Csy(l + Sy) 
d{d + l) 



G r4(d- l)sy(d- 
2" [ d{d-2){d + l) 

4:Gsj,{d — Sj,) 
~ d{d-2){d + l) 



2{d-l){d 



{d-2){d + l) 



.15a) 
.15b) 
a5c) 
.15d) 
a5e) 
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The constant C is then fixed in terms of C by identifying the ^3 coefficient that multiplies the tensor 

(3) 



t 



ijkl ~ ^ik^jl + ^il^jk (which docs not involve n*) with the same tensor structure in (8.1). Recalling 
)) this gives 



C = 2 

where i?rf(2s) is defined by 
so that 

For d = 3 we have 



C 



4((i — l)sj,(d — Sj 
d{d-2){d+l) 



1 



BA2s) 



_fP_ ip-x / 2^ 

{2tiY ^ ^ 



Bdi2s^) 



St) 



C = C 



r( 



2 ^t) 



2^'t TT2 r(sy) 



C_ 



(8.17) 



^.18) 



^.19) 



as Sj, 0. As in the scalar case, (2.32) the zero weight limit produces a pole term in position space C if 



the momentum space normalization C is held fixed, and this pole term must be subtracted to obtain the 



normalization in the logarithmic case. The tensor correlation (8.1) or (8.3) may likewise be converted 



into a correlation of gravitational waves on the directions of the sky by assuming as in (2.28) that the 
emission points are at equal distance |x| = \x'\ from the observer. 



As in the case of scalar perturbations, the same result for the two-point correlation (8.1) or (8.3) is 



obtained whether one employs the conformal Ward identities inherited from S'0(4, 1) de Sitter invariance 
to the spatial slices of FRLW cosmology at fixed cosmological time r, or those of the 5*0(3, 1) 
subgroup of conformal transformations on the de Sitter horizon sphere at fixed de Sitter static time 
t. Either way, once produced, the gravitational waves will propagate within our cosmological horizon 
and affect the CMB photon polarization and particularly the i3-modes by the same scattering processes 
as those extensively investigated in present models [271 HZ! • 

Now if one and the same physical mechanism is responsible for the conformal invariance of both the 
scalar and tensor perturbations, as each are components of the same four dimensional spacetime lin- 
earized metric perturbation hah, one would expect them to have the same conformal scaling dimensions, 

s = s^. (8.20) 



Taking into account the definitions of the scalar and tensor spectral indices, (2.25)-(2.27) and (8.13) 
respectively this implies 



1, 



(8.21) 
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The validity of this relation depends upon the effective theory of the origin of the scalar and tensor 
fluctuations having non- vanishing lowest conformal weight representations. Thus, we have argued that 
the lowest conformal weight scalar density perturbations should he Wp = 2, and these lead generically to 
the scalar gravitational potentials having scaling dimension s = according to the linearized Einstein 



eqs. (2.27). This scaling dimension is actually realized for the scalar gravitational potentials in the S 



realization of conformal symmetry in de Sitter space (7.14). 



Correspondingly, the metric tensor perturbations in the transverse, traceless sector are well-known 



to behave like a massless, minimally coupled scalar field in de Sitter space, and so according to (2.14) 



and (2.21), the tensor modes have = as well. Indeed their propagator in de Sitter space behave 
logarithmically with large invariant distance [46J, just as would be expected for a = field. It would 
be interesting to check this logarithmic scaling of the tensor two-point function on the cosmological 
horizon realization of conformal symmetry in de Sitter space. This relation of scalar and tensor 
spectral indices could furnish an important check on the proposed origin of the CMB from conformal 
invariance as we have been considering in this paper, and in particular of the realization of conformal 
invariance on the cosmological horizon of de Sitter space from the quantum fiuctuations of the anomaly. 



Note that the the equality of spectral weights and the relation (8.21) between the spectral indices 
of the scalar and tensor fiuctuations expected from considerations of conformal invariance in de Sitter 
space differs from the predictions of slow roll inflation models where the scalar and tensor spectral 
indices have different dependences on the slow roll parameters [7]. In practice the deviations of each 
spectral index (n^ — 1 in the scalar case and tit in the tensor case) is predicted to be very small, so 
this may be a difficult difference to detect. Conversely, if the spectral indices of the scalar and tensor 



perturbations are found to differ measurably from the conformal expectation (8.21 ), this would certainly 
make less plausible a common origin of the scalar and tensor fiuctuations by conformal invariance. For 
a treatment of tensor modes in the slow roll model see [IS] . 

As in the scalar case, conformal invariance alone does not predict the amplitude of the gravitational 
wave component, provided they are small in magnitude so that a well-defined geometrical background 
such as de Sitter space with its classical 50(4, 1) symmetry group applies. For that one needs a concrete 



dynamical realization of conformal symmetry, such as the one proposed in Sec. VII [49j. In the semi- 
classical limit where fiuctuations around the background are small, one would also expect the anomalous 
deviations from naive classical conformal scaling dimensions to be be small, and hence — 1 = ~ 0. 

Present observations indicate that that ~ 0.97 it 0.07 (from WMAP data alone, with the un- 
certainty estimate reduced to ±0.03 if all relevant cosmological data is fit [4J). Thus a value slightly 
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less that unity is currently preferred, whereas the conformal invariance hypothesis would seem to favor 
positive anomalous dimensions, based on unitarity of quantum field theory in de Sitter space. However, 
two caveats are in order here. First, unitarity of quantum field theory in cosmological spacetimes is a 
largely unexplored issue, and at the moment not even precisely defined. Thus it is an interesting open 
question to ask if there are cosmological realizations of conformal field theories that possess negative 
conformal weight representations which could give rise to w^. = Sj, < and hence n^, — 1 = n^, < 0. 
Second, the observational data is processed assuming standard ACDM models, and hence the current 
quoted bounds on the scalar spectral index are dependent upon the model assumptions. In addition 
the low i CMB data shows some interesting deviations from naive expectations which have been the 
subject of discussion in the literature |50j. Hence it might be wise to reserve judgment on the fitting of 
observations to present model assumptions, and it might even be necessary to reconsider or substantially 
revise these assumptions if dynamical generation of conformal invariance of the CMB by cosmological 



horizon modes and the non-Gaussian bispectrum (6.14) they predict are observed. 



IX. CMB NON-GAUSSIANITIES AS A PROBE OF DARK ENERGY COSMOLOGY 

Our main purpose in this paper has been to show how conformal invariance of the fiuctuations 
that give rise to CMB anisotropics may be derived from the embedding of the surface on which the 
fluctuations are generated in full de Sitter space. The mathematical derivation of conformal properties 
of CMB spectral functions from the geometric isometrics of de Sitter space emphasizes the minimal 
assumptions and general nature of the results, which are independent of detailed dynamical realizations 
of inflation. The essential speculation underlying this work is that the observed nearly flat CMB power 
spectrum may be a hint of a more general and far-reaching conformal invariance, and that this may 
have arisen from the fundamental symmetries of de Sitter space, independently of speciflc inflationary 
models, or even possibly in a dark energy dominated de Sitter phase similar to the present epoch. 

The embedding of surfaces in de Sitter space with conformal invariance properties inherited from 
the geometric isometrics of de Sitter space may be realized in two distinct and quite different ways. 
The first is the embedding of the usual flat FLRW cosmological space in de Sitter spacetime through 



(1.1) and (1.5). Conformal invariance is obtained because of the isomorphism between the conformal 
group of M.^ of flat spatial sections and 5*0 (4, 1), the geometric isometry group of de Sitter space. This 
isomorphism is expressed most clearly and explicitly by the one to one mapping of the 10 Killing vectors 
of de Sitter spacetime to the 10 conformal Killing vectors of flat Euclidean M'^. The representations of 
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the conformal group become simple exponentially fast in the number of e-foldings of expansion, so that 
the approximation of exact de Sitter space and conformal invariance becomes asymptotically exact very 
rapidly at late times Ht ^ 1, and the lowest conformal weight representation is selected in this dS/CFT 



limit. Conformal invariance in this realization then implies the form (3.10)-(3.12) for the non-Gaussian 
shape function of the CMB bispectrum at large angular separations. 

Physically, this corresponds to requiring that the fluctuations which give rise to the CMB anisotropics 
arose in a de Sitter inflation phase, similar to the standard picture, except that they must be generated 
intrinsically in de Sitter space from some degrees of freedom with conformal properties close to those 
of a massless, minimally coupled scalar field. This could be the inflaton of many currently popular 
scenarios for generating the initial fluctuations responsible for CMB anisotropies, but it need not be. 
The important feature is only that the energy density fluctuations of this scalar should have conformal 
weight Wp ~ 2, in order to give rise to a Harrison-Zel'dovich energy fluctuation spectrum, and a flat 
CMB power spectrum consistent with observations. The weight Wp = 2 seems to be the minimal one 
allowed in unitary scalar field theories in de Sitter space. In this sense the realization of conformal 
invariance is very general. Any fluctuations with the correct conformal weight in de Sitter space, the 
minimal one, will produce the same result for the power spectrum, no matter how they are generated. 

We have pointed out several physical differences between our approach and the more conventional 
slow roll models. We do not assume any scalar field expectation value whose slow roll breaks de Sitter 
and conformal invariance. Yet, once propagating within our cosmological horizon these primordial 
perturbations will be subject to the same matter interactions and pressure effects as in more conventional 
scenarios. Thus the qualitative behavior of the acoustic peaks at larger i in the CMB spectrum should be 
substantially the same as well. For this reason physical mechanisms for the origin of CMB anisotropies 
cannot be easily determined from the scalar power spectrum alone. 

In any approach based on the fundamental or intrinsic symmetries of de Sitter space giving rise to 



conformally invariant fluctuations, the form of the bispectral shape function (3.10) is fully determined, 
although its amplitude cannot be determined by conformal invariance alone and requires additional 
dynamical assumptions. It is important that this form of the non-Gaussian shape function, given 



by (3.10)-(3.12) is quite different and observationally distinguishable in principle from that of slow 
roll inflaton models, which rely upon departures from de Sitter space to produce non-Gaussianities 
proportional to small slow roll parameters. In the more general setting we have described there are 
no slow roll parameters, and the fluctuations intrinsic to de Sitter space do not have to be small (or 



large) a priori. Observation of the bispectral shape function (3.14)-(3.15) in the CMB by WMAP or 
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Planck would provide a strong indication of dynamics which is quite different than that assumed in slow 
roll inflation models and the de Sitter phase during which such fluctuations are assumed to have been 
generated. The linearized Einstein eqs. for the gauge invariant gravitational potentials in the scalar 



sector were also solved for the general stress energy perturbation in Sec. IV, in de Sitter space and may 
be used to compute the gravitational perturbations in the scalar sector in the general case. 

In Sees. VjlVII we have described a second embedding by which conformal invariance is naturally 



derived from the geometric isometries of de Sitter spacetime, which relies explicitly on the existence of 



its cosmological horizon, evident in the static frame (5.1). Mathematically in this case the conformal 
group of is SO{3, 1), the proper Lorentz group, whose conformal generators also may be mapped 
from the those of the 5'0(4, 1) isometry group of de Sitter space. This projective mapping of Killing 
vectors also leads to conformal invariance of correlation functions, and a quite different form again of 



the CMB bispectrum given by (6.14) or (6.16), directly in terms of the angular variables on the sky. 

In this second realization of conformal invariance on we have presented a physical mechanism of 
quantum origin for fluctuations coupling to the scalar gravitational potentials, arising from the conformal 
trace anomaly of massless quantum matter or radiation in curved spacetime |451 \5T\ [5^ [56] . These scalar 
fluctuations, not present in the classical Einstein theory but predicted by Standard Model physics are 
intrinsic to de Sitter space and can have significant effects on or near its cosmological horizon. As 



discussed in Sec. |VII[ linear perturbation theory about de Sitter space couples these scalar anomaly 
fluctuations to the gauge invariant gravitational potentials of the metric, with one linear combination 
having exactly the correct zero conformal weight needed to reproduce the flat CMB Harrison- Zel'dovich 
power spectrum at large angular separations. Thus this is a possible mechanism for generating the 
CMB power spectrum and non-Gaussian correlations from quantum effects in de Sitter space that do 
not require slow roll or breaking of S'0(4, 1) invariance by a classical inflaton field and potential as 
usually assumed. Certainly this realization of conformal invariance on the cosmological horizon of de 
Sitter space would lead to radically different cosmologies. Our purpose here has not been to present such 
alternative cosmological models, but rather to follow the consequences of the hypothesis of conformal 
invariance, and determine how to test this hypothesis by forthcoming observations of the CMB. 

In Sec. VIII| we have extended our conformal analysis of correlation functions to the spin-2 case of 



tensor perturbations. Since both tensor and scalar perturbations are part of the same four dimensional 
linearized gravitational perturbations, in a generally covariant effective theory such as Einstein's the- 
ory, one would expect the scalar and tensor perturbations to have same scaling dimensions under global 
dilations, even in the absence of full conformal invariance of the gravitational fiuctuations. This expec- 
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tation relies upon the lowest allowable weight of energy density fluctuations in the scalar sector, namely 
Wp = 2 being realized, so that s = for the corresponding potential, to go with the gravitational waves 
in the tensor sector, which also behave logarithmically in de Sitter space in the scaling region. This 



expectation of the relation (8.21) between the spectral indices of scalar and tensor modes is explicitly 



satisfied by the difference of scalar gravitational potentials T_4 — Tc in the second realization of con- 



formal invariance on the de Sitter horizon in (7.13), with the fundamental fluctuations of the quantum 
trace anomaly stress tensor as a source. In this realization the scalar fluctuations are generated by the 
trace anomaly terms intrinsic to matter in curved space, with no inflaton needed at all. 

We have not considered fundamental non-scalar fields in detail, but as in the discussion of tensor 
modes most of our considerations could easily be extended to higher spin fields. In general, one could 
have a non-trivial 3D CFT with a conformal weight for the energy density near to 2, not necessarily 
the stress tensor of a free scalar field, giving rise to gravitational potential perturbations of conformal 
weight near to zero, and the power spectrum would be the same. One could try to describe such a 
theory by a non-trivial bulk QFT around de Sitter space. Finding additional non-trivial examples of 
dS/CFT correspondence is an open question which could have additional consequences for cosmology. 
Some related ideas have been discussed in Refs. [Ml 091 [52| [53]. 

That the same power spectrum can be produced by this very different mechanism at the cosmo- 
logical de Sitter horizon emphasizes the need for more detailed measurements of CMB properties and 
correlations to determine the physical origins of the anisotropics. Since the form of the non-Gaussian 



bispectrum in Sees. Ill and |V] are quite different from each other, and each is different from the pre- 
dictions of slow roll inflation, any detection of CMB non-Gaussianity would allow the possibility of 
distinguishing physically very different possible origins of the fluctuations in the CMB. 

As discussed elsewhere [181 113 IMtiST] . the fluctuations of the scalar degrees of freedom in the 



effective action of the trace anomaly (7.3) leads to the infrared running of the cosmological vacuum 
energy to smaller values, and hence to cosmological models which are globally quite different from the 
standard FLRW paradigm. The results of this paper indicate that observational evidence for such a new 
cosmological model involving dynamical dark energy may be sought and possibly discovered first in the 
angular form of the non-Gaussian CMB bispectrum. If the particular form of the angular correlations 



of the bispectrum (6.14) or (6.16), derived from conformal invariance on S are observed in the CMB 
non-Gaussian signal by WMAP or Planck, it would imply both a completely different locus and physical 
mechanism for the generation of the CMB than in current cosmological models, with possibly far ranging 
implications for the physics of cosmological dark energy and the large scale structure of the universe. 
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Appendix A: Geometry, Coordinates and dS/CFT Correspondence of de Sitter Space 



We collect in this Appendix some well-known properties of de Sitter space and show how the con- 
formal group of both the spatial sections and the sphere of directions on the sky are contained 
within the de Sitter group 0(4, 1). 

The de Sitter manifold is defined as the single sheeted hyperboloid [58], c.f. Fig. [s] 

X^X^ = - + X'X' + = -T"^ + + Y'^ + Z"^ + = ^ = rl (Al) 

in five dimensional flat Minkowski space, 

ds^ = dX^ dX'' = -dT'^ + dW"^ + dX"^ + dV"^ + dZ'^ , (A2) 

This manifold has the isometry group 0(4, 1) which is the maximal possible for any solution of the 
vacuum Einstein field equations, 

R\-^5\ + K5\ = ^ (A3) 

in four dimensions. The curvature tensor of de Sitter space satisfies 

R^\, = H^(5^j\-5'',5'')) , (A4a) 
R\ = 3H^ 5\ , (A4b) 
R = 12^2 , (A4c) 

where the Hubble constant is related to A by 

H = \l\- (A5) 

Here and henceforward we set the speed of light c = 1 . 

The Lie algebra so(4, 1) is generated by the generators of the Lorentz group in the 4 + 1 dimen- 



sional flat embedding spacetime (A2). In the coordinate (adjoint) representation the 10 anti-Hermitian 
generators of this symmetry are 

d d 

Lab = Xa - Xb = -Lba, (A6) 



with the indices A,B = 0, 1, 2, 3, 4 raised and lowered with the five dimensional Minkowski metric rj^ 



B 



diag (—1, 1,1, 1,1) of (A2). These 10 generators satisfy 

[Labi Lcd] = ~'nAC Lbd + 'Hbc Lad ~ Vbd Lac + tIad Lbc ■ (-A7) 
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FIG. 5. The do Sitter manifold represented as a single sheeted hyperboloid of revolution about the T axis, in 
which the X^, X"^ coordinates are suppressed. The hypersurfaces at constant T are three-spheres, S"^. The 
three-spheres at T = ±cx) are denoted by I±. 

de Sitter space has 10 Killing vectors corresponding to these 10 generators, i.e. there are 10 linearly 



independent vector fields K\f^ which are solutions of the Killing eq. (2.1 ) that leave the de Sitter metric 



invariant. We find the the explicit form of these 10 Killing solutions in various coordinate systems below. 
The hyperbolic coordinates of de Sitter space are defined by 



T 

w 



1 

i7 
1 

H 
1 



sinh u . 



cosh u sin % , 
cosh u cos X 1 



1,2,3 



where 



h = (sin 6 cos (j) , sin 9 sin ip , cos 9) 
is the unit vector on S^, and cast the de Sitter line element in the form 

ds^ = [-du^ + cosh^ u {dx^ + sin^ x di^'^)] ■ 
The quantity in round parentheses is 

dnl = [d(sin X n')]^ + [d(cos x)? = dx^ + sin^ x dU^ 



(A8a) 
(A8b) 
(A8c) 

(A9) 

(AlO) 

(All) 



the standard round metric on S . Hence in the geodesically complete coordinates of (AS) the de Sitter 



line element (AlO ) is a hyperboloid of revolution whose constant u sections are three spheres, represented 



in Fig. [sj which are invariant under the 0(4) subgroup of 0(4, 1). 
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In cosmology it is more common to use instead the Friedmann-Lemaitre-Robertson- Walker (FLRW) 
line element with flat M'^ spatial sections, viz. 

ds^ = -dr^ + a^ij) dx-dx = -dr^ + a^(r) {dx^ + dy^ + dz^) 



-dT^ + a\T){dg'^ + g'^dn'^ 



De Sitter space can be brought in the FLRW form by setting 







T = 






2H \ 


X' = 


a gh^ 


w = 


±( 


2H \ 



1 



Ha 



a + 



Ha 



with 



a(r) 
Q 



■x/x^ + y2 _|_ _ 



(A12) 
(A13) 

(A14a) 
(Al4b) 
(Al4c) 

(A15a) 
(A15b) 



From (A14) and (A15), T + > in these coordinates. Hence the flat FLRW coordinates cover only 
one half of the full de Sitter hyperboloid, with the hypersurfaces of constant FLRW time r slicing the 
hyperboloid in Fig. [5] at a 45° angle. 

The change of time variable to the conformal time coordinate, 



ri = -H-^e-"^ = a{T) = Vt{'n) 

is also often used to express the de Sitter line element in the conformally flat Poincare form 



1 

lla ' 



1 

Hq ' 



ds^ 



a {—drj + dx 



1 



HW 



{-drf + dx^) , 



which is (2.8) of the text. From (A8) and (A14), 



coshu sinx = Hga 
sinh u + cosh u cos x = a 



Q 

1 

V 

1 

Hq ' 



(A16) 

(A17) 

(AlBa) 
(Al8b) 



which gives the direct relation between hyperbolic coordinates and flat FLRW coordinates. The con- 



formal time representation of the de Sitter line element (A17) is of the Feffer man- Graham (FG) form 



id.S^)pG=^^ 



±^4 + ''^dx^dx^ 



(A19) 
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FIG. 6. The Carter- Penrose conformal diagram for de Sitter space. Future and past infinity are at I±. Only the 



quarter of the diagram labeled as the static region are covered by the static coordinates of (5.1). The orbits of 
the static time Killing field d/dt are shown. The angular coordinates 9, </> are again suppressed. 

where gij{x, t]) is required to possess a regular Taylor series expansion in as — )• 0, certainly satisfied 



in this case since gij = 6ij for flat M'^ spatial sections, and the minus sign in (A19) applies since real de 



Sitter spacetime has a Lorentzian signature. The FG form (A19) is useful for determining the conformal 



scaling dimensions of fields in the dS/CFT correspondence which applies to conformal fields defined on 
the Euclidean at the asymptotic limit ?? — )• |14| [TC] . 
The de Sitter static coordinates {t,r,6,(j)) are defined by 



T = — Vl - H^r^ sinh(m) , 



H 

r n 



W =\- \/l - 7/^2 cosh(m) . 



(A20a) 
(A20b) 
(A20c) 



They bring the line element (A2) into the static, spherically symmetric form 



dr 



f{r) dt' + — + r'dn' = f{r)ds 



2 

opt ■ 



1 - 



(A21) 



where is called the four dimensional "optical" metric. From (A20), real static {t,r) coordinates 



cover only the quarter of the de Sitter manifold where W > and both W ziz T > 0. This quarter is 
represented as the rightmost wedge of the Carter- Penrose conformal diagram of de Sitter space in Fig. 



6 Comparing W + T in the spatially flat FRLW coordinates (A14) with W + T expressed in static 



coordinates (A20) and using (A15a), we obtain the direct relation (5.2) of the text between the two 



coordinate charts in the wedge where they both apply. 
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The Regge- Wheeler radial coordinate r* can be defined in the static frame by 

tanh(ffr*) so that 



2H 
1 



dr* 



dr 



1 - i?2r2 ' 



- H'^r'^ = sech{Hr*) , 



(A22a) 
(A22b) 
(A22c) 



and 



ds^ = sech^fFr*) (-dt"^ + dr*^) + — . tanh^^i^r*) dn"^ 



sech^ (Hr*) 



-df + dr* 2 + smh^iHr*) dQ^ 



(A23) 
(A24) 



Note that the horizon at r = H = is mapped to r* = cxd in these coordinates, and that the spatial 



part of the "optical" metric with = is 



dif = dr 



* 2 



1 



dy ■ dy 



+ sinh^iHr*) dn^ = 4r2 ^ 



where the second form is obtained by defining 



y = \y\n 
|y| = tanh 

2 |y 



/Hr*\ _ 
W y 1 



Hr 



so that 



Hl + \y 



wl2 



^ln(l±M 
H \l-\y\ 



(A25) 

(A26a) 
(A26b) 

(A26c) 



Eq. (A25) is a standard form of the line element of three dimensional Lobachewsky (hyperbolic or 



Euclidean anti-deSitter) space m^. Thus, one expects conformal field theory (CFT) behavior at the 
horizon boundary, |y| = 1, r = r^, namely on the sphere of directions n on the horizon [17] . 



This conformal behavior can be seen most clearly by introducing Poincare coordinates (5.8). Alter- 
natively, the change of coordinates, 

' 2 



C = 2 



1 



i + |y| 



2e 



-Hr* 



1 - Hr 



1 + Hr 1 + Hr 



f 



(A27) 



brings the three dimensional Lobachewsky metric (A25) into the Feffer man- Graham form (A19) 

>2\ 2 



dil = rl 



dC 



1 



(A28) 



^2 ^2 

where in ( |A19 ) the spatial variable C is substituted for rj, the upper (positive) sign applies and in this 
case gab{'n,C) = 7a6(l — with 7^6, the two dimensional standard round metric on 'EP' . As in 
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the case of the dS/CFT 5*0(4, 1) correspondence in the conformal coordinates (2.8) as — )• at the 
at the top of the de Sitter hyperboloid in Figs. [5] and [6| the Fefferman-Graham form of the three 
dimensional optical metric ( |A28 ) permits easy identification of conformal fields of definite conformal 
weight with respect to 50(3,1), the conformal group of now on the de Sitter horizon by counting 
powers of C — ^ \/7 — ?■ as r — )■ . 



Appendix B: Killing Vectors of de Sitter Space in Flat FLRW Coordinates 



The solutions of (2.3) can be catalogued as follows. For K^- = we have the three translations, 

ifp')=0, E:P=aV, J = 1,2,3, 



(Bl) 



and the three rotations, 



£ = 1,2,3. 



(B2) 



The spatial sections also have four conformal Killing vectors which satisfy (2.3) with K^^ ^ 0. They 
are the three special conformal transformations of M^, 

K^Cn) ^ _2jj^n ^ i^p) =i7V(<5i"5jfca;^x*^-25ijX^x")-5r, n = l,2,3, (B3) 

and the dilation. 



i^l^) = l, K, 



This last dilational Killing vector is the infinitesimal form of the finite dilational symmetry, 

X — )• Ax , 
r/ — 7- Ar/ 

a(T) \^^a{T) , 



(B4) 

(B5a) 
(B5b) 
(B5c) 
(B5d) 



of de Sitter space. Since the maximum number of Killing isometries in four dimensions is 10, there are 



no other solutions of (2.3), and de Sitter space, being a fully symmetric space, possesses the maximum 



number of symmetries. Being conformally flat, de Sitter space also possess 5 conformal Killing vector 
fields V^, satisfying V^Vj^ + V,yV^ = ^g^u^'^Vx whose explicit forms may be found as well, but which 
we do not require and omit here. 
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Appendix C: Killing Vectors of de Sitter Space in Static Coordinates 



In static coordinates (5.1) the Killing eq. (2.1) gives the following 10 eqs. for the components Ka'- 

ff 



dtKt 



f 



dr-Kr = -^Kr 

deKe = -rf Kr 

dfpKff) = —rf sin^ 9 Kr — sin 6 cos 9 Kg 

dtKr + drKt = jKt 

dtKe + deKt = 

dtK^ + d^Kt = 
2 

drKg + deKr = - Kg 

r 
2 

drK^ + d^Kr = -K^ 
deKs + dsKe = 2coi9 K^. 



(Cla) 

(Clb) 
(Clc) 
(Cld) 
(Cle) 
(Clf) 

(Clg) 
(Clh) 

(Cli) 
(Clj) 



This system of eqs. is solved by the static time translation Killing vector, 

K* = l or Kt = gtt = -f{r) = l-H\^ with Kr = Ke = K^ = Q, 



(C2) 



which corresponds to the symmetry t — )• t + const, under static time translation, and the 3 rotations, 



(i) Kt = Kr = Ke = Q,K^-- 
{ii) Kt = Kr = 0, Ke = r^ sin 
{Hi) Kt = Kr = 0, Ke- 



2 ■ 2 

r sm I 



cos ( 



K^ 
K^ 



r cos m sm t/ cos t 



r sm sm t/ cos ( 



(C3a) 
(C3b) 
(C3c) 



which leave the (arbitrary) origin at r = fixed. 

Then we have two pair (4 total) solutions of the form. 



Kt = -rf2 A{t)sm9B{(p) , Kr = /"^ A{t) sin 9 B{<j)) , 
Kg = rp A{t) cos9B{^) , K^ = rp A{t) sin 9 B' {(j)) 

where both A{t) and B{(p) each have two linearly independent solutions. 



(C4) 



A{t) 



sinh Ht 
cosh Ht 



and B{(f)) 



sm ( 



cos ( 



(C5) 
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and A = B' = Finally we have two solutions of the form, 



Kt = -rf 2 A{t) cose, Kr = A{t) cose, Kg = rf 2 A{t) sine , K^ = Q, 



(C6) 



with A{t) again either svahHt or cosYiHt. 

The purely angular part of these last 6 solutions in fact are proportional to the three conformal 



Killing vectors of S^. This follows from the fact that the substitution of (Clc) into (Cld) and eq. (Clj ) 
give 



Comparing (C7) with 



d^K^ = SIT? e dgKo — sin e cos e Kg 
deK^ + d^Kg = 2cote 

DaVb + DbVa = Jab DcV" , 



(C7a) 
(C7b) 

(C8) 



with a,b = 9, 4>, jab the standard round metric on and Da the covariant derivative with respect to 
this metric, when written explicitly in polar coordinates 



d^iJ(f> + sin e cos Ovg = sin^ 9 dgvg 
+ d^vg = 2 cot 6* 



and with 



+ 



sm 



+ cot 6 Vg . 



(C9a) 
(C9b) 

(CIO) 



shows that (C7) and (C9) coincide. The solutions of the Killing eq. in de Sitter space are simply related 



to those on the sphere by taking their e, (p components and dependences on these angles. 



The solutions of ( C9 ) from ( C3 ) are the 3 rotational Killing vector fields 

Vg = Q , = sin^ e , and 
Vg = B{(j)) , V(f, = sm9 cose B'{(I)) , 



and from (C4) and (C6) the 3 conformal Killing vector fields 



Vg = sin e , Vff, = , and 
Vg = cos e B{(f)) , v^ = sin 9 B\(p) , 



(Clla) 
(Cllb) 

(C12a) 
(C12b) 



where in each case again B{(f)) is either sine/) or cos (p. Thus the 6 de Sitter Killing vectors (C4) and 



(C6) have angular components which are just proportional to two copies of the 3 conformal Killing 
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transformations of (if the differing t dependence is not considered). The 3 rotational Kihing vectors 
of given in (Cll) satisfy Dcv'^ = 0, while the 3 conformal Killing vectors of given by (C12) 



have Dcv'^ ^ 0. These latter 3 conformal Killing vectors are linear combinations of daYi^jn(9, (f)) where 
Yifl ~ cos9 and Yi^±i ~ sin^e^*''^ are the 3 (scalar) spherical harmonics for £ = 1. The 3 rotational 



transverse Killing vectors (Cll ) may be expressed in terms of the 3 transverse vector harmonics L Yi^. 



This demonstrates that in addition to the one static time translation (C2), the de Sitter group 
induces the conformal group SO{3, 1) on the sphere of constant r, with the three special conformal 
Killing vectors appearing twice, because of the two possibilities for the time dependent function A{t), 
giving 1 + 3 + 2x3 = 10 de Sitter Killing vectors in all. We also observe that as r — )• , the solutions 
(C4) and (C6) have Kg,K^ oc /a — )• 0. In the near horizon limit r ^ r^j the scaling behavior of the 



conformal factor 



(C13) 



where z is defined by (5.8) and C defined by (A27). The special conformal vectors (C12) of when 



viewed as embedded in the three dimensional optical metric of (A28) of de Sitter space correspond to 



the de Sitter symmetry transformations (C4), (C6). This allows one to identify the conformal weight 



of fields on the horizon, as in (5.11) by the power of /a the r dependent solution contains as r 



Appendix D: Invariant Distance and Correlation Functions 

Since de Sitter spacetime is geometrically a hyperboloid of revolution, the invariant distance can be 
defined from analytic continuation of the invariant geodesic distance a{x,x') between two points on S^. 
For spacelike separations this is defined by 



a{x, x') = cos-^ [H'^{-TT' + XX' + YY' + ZZ' + WW')] 



It is also convenient to define the function of (t{x, x'), 



, 1 + cos (Ha(x, x')) o f Ha(x,x') 

z[x, x ) = = cos ' 



1 — z(x, x') = svo? 



2 ( Ha{x, x') 



(Dl) 

(D2a) 
(D2b) 



For spacelike separated points, a[x,x') is real and z < 1, while for timelike separated points, a{x,x') is 
replaced by i\a{x,x')\ and z > 1. 



In the conformally flat coordinates (2.8), the invariant function 1 — z{x,x') is given by (2.9) of the 



text, and the two-point propagator function for a conformally invariant scalar fleld in the Bunch-Davies 
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state in de Sitter space is given by (2.11) by a conformal transformation of a weight one field from 



flat space. Because this conformal transformation is time dependent, the Bunch-Davies state is not a 
"vacuum" state and corresponds instead to a state thermally populated with matter at the Hawking-de 
Sitter temperature = gff" iii the static time vacuum defined in coordinates (A20). The function 
Gconfiz) of (2.11) satisfies the wave equation for a massless, conformally coupled scalar field, 



(- □ + 2H^) G,onMx, x')) = -H^ 



Gconf{z)=0, Xj^x',Zj^l. 

(D3) 



At X = x' it is correctly normalized to give 6'^{x,x'). For arbitrary mass M, the de Sitter invariant 



correlation function is given by (2.12) of the text. In each case the Feynman function in real time is 



defined by replacing 1 — z in (2.11) or (2.12) by 1 — z{x, x') — ie for timelike separated points, for which 



z > 1. The solution (2.12) may also be written in terms of a Legendre function [20j. 



Appendix E: De Sitter Space and the 5*0(3, 1) Conformal Group of the Sphere 



The massive wave eq. (2.10) can be separated in static coordinates (5.1) with solutions of the form 

$~e-^-*^y,„(0,(^), (El) 



where the radial function ip^i satisfies 



dr 



* 2 



with the potential. 



2 2\ 



Ve = {l- H^r 



HH{i + 1) csch^(Fr*) + (M^ - 2H^) sech^ (Hr*) . 



(E2) 



(E3) 



As r 



r„, r 



oo, all finite mass terms drop out, — )• and the wave eq. (2.20) or (E2) becomes 



identical to that of massless conformal field, with ~ giiwr ^j^g horizon is approached. This is a 



consequence of the gravitational blueshift (5.10). 



This conformal behavior on the cosmological horizon is described by the mapping between the Killing 
vectors of de Sitter space and the conformal Killing vectors of S^, with two copies of the the special 
conformal transformations of the sphere. In general, the SO{d + 1, 1) Lorentz group can be mapped 
to the conformal group of null directions on the d dimensional sphere S'^. This mapping may be made 
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as follows [T5|. The four vector X^^ in flat four dimensional Minkowski spacetime transforms linearly 
under the 50(3, 1) homogeneous Lorentz group 

X^" ^ K^'^{v) X"" , /i,z^ = 0,1,2,3. (E4) 

where K^u{v) is the usual Lorentz transformation matrix for boost velocity v. This is a subgroup of the 
50(4, 1) de Sitter group in which the fifth coordinate W does not participate. The (future) light cone 
in Minkowski space is defined by 

X"" rjf,u = -r^ + X'X' = , T = X^>0,. (E5) 

Then 

n' = ^ (E6) 

is a unit vector which defines the direction of the outgoing light ray. The four dimensional flat Minkowski 
line element becomes 

dsl = {X^f dh'dh' (E7) 



when restricted to the light cone. 



Under the Lorentz transformation (E4) n* transforms into 



with as usual 7 = (1 — w^)~2. On the space of directions, this transformation is a conformal 
transformation since by the Lorentz invariance of the light cone, 

dh'dh' ^ ( ^ J dh'dh' = n'^{h) dn'dh' , (E9) 

with 

n(n) = [7 (1 - tJ . n)]"^ = 1 + ?T • n + 0{v'^) , (ElO) 



so that (E8) may also be written in the form 

h ^ h' = r2(n) [h + v{v ■ h){j — 1) — 'jv] (Ell) 
in terms of ^}{h). This shows that the 50(3, 1) subgroup of the de Sitter isometry group 50(4, 1) is the 



group of conformal transformations on the sphere S^. From (Ell) it is straightforward to verify that 
for any two unit vectors on S^, hi and n2, 

1 — ni • n2 — ^ il(ni) [1 — hi ■ h2] 0,{h2) , (E12) 
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so that this quantity transforms under 50(3, 1) as a conformally covariant measure of distance between 



hi and ri2- By (5.4) the de Sitter invariant distance l — z{x,x') reduces to (E12) on the de Sitter horizon 
sphere. Since any de Sitter invariant function of z{x,x') can be expanded in powers of 1 — z{x,x'), it 
follows that it can always be decomposed into a linear superposition of representations of the conformal 
group S0{3, 1), transforming with definite conformal weights on the horizon. However, since unlike at 



spacelike infinity 1+ where 1 — z{x, x') becomes arbitrarily large as r — )• oo, on the horizon (|5.4|) or (E12 ) 



remains finite in the physical de Sitter metric. Hence simple irreducible representations of S0{3, 1) are 
induced on the horizon only by fields with simple local Weyl invariant transformation properties. 

An example of a correlation function with simple local Weyl transformation properties is the Green's 



function of the fourth order differential operator A4 defined by (7.4c), given by (7.15)-(7.18). This is 



the same (up to normalization) as the Green's function of the scalar Laplacian on S^, namely 



1 



ln(l — h ■ h') 



6\h,h') 



1 

4tt 



(E13) 



with defined by (G5). That is, the second order differential operator of a conformal weight zero scalar 
on §2 has the same correlation function (up to normalization) as that of a the fourth order differential 



operator of a conformal weight zero field in de Sitter space. The constant — ^ on the right side of (E13) 



reflects the fact that can be inverted on only on the space of non-zero spherical harmonics, i.e. 

00 £ 



EE 



1 



[ln(l -z) + l] 



1 



ln(l 



n ■ n 



) + 



ln2 - 1 



(E14) 



with the 



i=-i ^ ' 

constant mode excluded from the sum. Thus the fields described in the full de Sitter 



space by the correlation function (7.18) as zero conformal weight fields are also zero conformal weight 
fields with respect to the conformal group on , when restricted to the cosmological horizon of de Sitter 
space. 



Appendix F: Exact Formulae for the Bispectral Shape Function (3.12) 



The Fourier transform of the three-point function (3.9) is 

G^^kiMM.w) = C^iw) J d^xid^X2d'^xse'^'''-^'+''^-^^+''^-^^^ (Fl) 



Using the Fourier representation of in d = 3 dimensions (for w ^ 3) 



B3{w){27r)-' I d'p\p\'"^'e 



•iw—S—ip-x 



with B3{w) = 2^-"'7r 



3 r(i-f) 
r(f) ' 



(F2) 
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defined by (8.17)-(8.18) of the text, we may easily perform all three of the Xi integrals and two of the 



momentum integrals to obtain 



which is (3.10) of the text. A closed form expression for the momentum integral in (F3) may be given in 
terms of a generalized hypergeometric function of two variables -F4, known as Appell's fourth function, 
which is defined by the double series |60] 



Fiia,f3;j,j';X,Y) = Y,Yl 



m=0 n=0 



(7)m(7')n 



(F4) 



for \X\2 + |y|2 < and for other values by analytic continuation. In (F4) 

T(a + m) 



(a)„ 



r(a) 



(F5) 



denotes the Pochhammer symbol. Making use of the result of ref. |31j and taking into account the 



factors in (3.10), the non-Gaussian shape function defined there may be written in closed form as 

3w^ 



S{X,Y;w) = Si{w) <r{3 



2 2 



r w- 



3 w w 15 
2~ 2"' 2"'^~2' 2' 





5 


5 




'2 




3 


w 





'3 w w 5 ^ V V 



2 2 ' 2 ' 2 



+ S2iw) iXY)'"—2 F4 



3w 3 w 
~Y~2' 2 



1 1 



,w--;X,Y , 



(F6) 



with 



vr3 [r(.;-i)]^[r(i-^)]^ 



S2iw) 



(F7) 



r(^) [r(i-|)]^r(^|^-i) [r 

From this expression it is clear that only the first term has a pole singularity as i/; — >• 2, the remaining 



three terms in (F6) being finite in that limit. 



An expression for the momentum integral in (F3) and hence for the shape function in terms of 



Feynman parameter integrals which is potentially more useful for numerical evaluation may be found 
as follows. Noting that products of arbitrary powers of different factors can be represented as integrals 
over the Feynman parameters n, v by 



r(a)r(/3)r(7) ,o 

n"-i(l - uf~^v''+l^~^{l - vf-^uvA + (1 - u)vB + (1 - v)C]-''-^-^' , (F8) 
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and setting A = B = \p — fcip, C = |p + A;2p, and a = /3 = 7 = s = the integral in (F3) is 



r(3g) 

insw Jo 



1 fi 



dudv[u{l - u){l - v)Y V I{u,v;ki,k2) , 



(F9) 



with 



I{u,v;ki,k2 



I 



uv\'p\'^ + (1 ~ u)v\p — fcip + (1 — + A;2 



-3s 



(FIO) 



By shifting the momentum p this latter integral may be reduced to the form 



I{u,v;ki,k2) 



d?p 



3s 



3r(3s 

7r2 



r(3s) 



2w3s+J 



(Fll) 



where 



= (1 - u)v[l - (1 - n)i;]/c? + f (1 - v)kl + 2(1 - u)v{l - v)ki ■ k2 ■ 



(F12) 



Thus, using fci + /c2 = — /cs, (F9) becomes 



7r2 



3r(3s-|) '■1 



^0 



- u)kl + - t;)/c^ + (1 - n)(l - r;)/c|] 



21-3^+1 



(F13) 



Changing variables tt— )• 1 — f— )• 1 — f, inserting the result into (F3) and recalling the definition of 



3—10 



we finally obtain the second form of (3.10) with the shape function (3.12). This form corrects 



two misprints in Ref. ^llj . 



Appendix G: Differential Operators in de Sitter Space 



The explicit coordinate transformation between flat FLRW coordinates (1.1) and static coordinates 



(5.1) of de Sitter space is [58] 



2^2^ 



T = t-\ In 1 - H^r 

2H ^ 



r e 



-Ht 



Vl - mr'^ ' 



(Gla) 
(Gib) 



with the inverse transformation 



2H 

r = ag = ge 



Ht 



(G2a) 
(G2b) 
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The Jacobian matrix of this 2x2 transformation of spacetime coordinates is 

1 _H"r2 



d{t,r) 

d{T,Q) 



1 at 


dt \ 




dr 


dg 




dr 


dr 




\ dr 


dg I 





Hr rj Q 



Prom these relations the transformations from flat FLRW to static de Sitter coordinates of the 
differential operators appearing in the text are easily found. We have 

d _ 1 d d 



Hr d d 
adg 1 — H'^r'^ dt dr 



^2 



1^ 

dg 



+ 



2Hr 



+ 



2H^r'^ 



dr^ {l-mr'^Ydf^ 1-H^r^dtdr {1 - H^r^)^ dt 



dr 



1 d 



q"^ dg \ dg 



d 



II 



(1 - mr'^Y 



+ 



2Hr 
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1 d 



1 — H^r^ dtdr dr 



,d_ 
dr 



L2 



where 



1 d 
sin 9 do 



d 



smf 



+ 



dej sin^ed^y" 



is the scalar Laplacian on S^, with eigenvalues +1). It follows then that 



dr"^ dr 



a2 



1 



d_ 

1 - iJV2 V dt 

d V2 1 



2H 



d 



(1 - H\'' - 



dt 

d"^ _ 1 d 
1 — H'^r^ dt'^ r^ dr 



I — — 

^2 



,d_ 
dr 



+ 



L2 



r2(l-i72r2 



^2 



+ 5H- ^ = 



Q^2 ' Qj- 

and also 



1 d 



1,ohM 

1 - \dt dt r2 dr 



r'{l-H\^) 



d^ 
' dr 

d_ 
dr 



+ 



r.1 ' 



+ 2H\— + ^ 
dr 



i.^+2i.2+lV2 
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d 



3 a2 

2V2^ 
3^ 



1 d 

3r2 dr 



r,du\ ^ o du „^ o 
r2— + H^r— + 2H^u, 
dr J dr 



2 d 



u = -TT^-r I r-— ) +i72^2 _^ 5H'^r— +4H'^u, 
3r^ ar \ ar / ar^ ar 



when restricted to functions u = u{r) that depend only on the static radial coordinate r. 
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